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Abstract
The nucleons (protons and neutrons) are by far the most abundant form of matter in our
visible Universe; they are composite particles made of quarks and gluons, the fundamental quanta
of Quantum Chromo Dynamics (QCD). The usual interpretation of the nucleon dynamics in high
energy interactions is often limited to a simple one-dimensional picture of a fast moving nucleon as a
collection of co-linearly moving quarks and gluons (partons), interacting accordingly to perturbative
QCD rules. However, massive experimental evidence shows that, in particular when transverse spin
dependent observables are involved, such a simple picture is not adequate. The intrinsic transverse
motion of partons has to be taken into account; this opens the way to a new, truly 3-dimensional
(3D) study of the nucleon structure. A review of the main experimental data, their interpretation
and understanding in terms of new transverse momentum dependent partonic distributions, and
the progress in building a 3D imaging of the nucleon is presented.
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1 Introduction
The nucleons – protons and neutrons – form the almost totality of the visible matter in the Universe.
We know that they are composite objects, made of quarks and gluons (collectively denoted as partons),
which interact according to the strong interactions rules of Quantum Chromo Dynamics (QCD), a
fundamental relativistic quantum field theory. However, the full partonic description of the nucleons is
still a very mysterious and fascinating open issue. Because of this, the understanding of the internal
structure of the nucleons, both in momentum and in coordinate space, is the ultimate goal of many
ongoing or planned experiments and the focus of theoretical activities worldwide.
The experiments are mainly high energy scatterings of point-like leptons off protons and neutrons,
in which the lepton scatters off a single parton, or inelastic collisions between nucleons, like Drell-Yan
processes in which a quark and an antiquark annihilate into a pair of leptons. Also the production
of a single hadron or two hadrons in the high energy collision of two nucleons can be related to QCD
elementary interactions among partons. The outcome of these experiments, when correctly interpreted,
gives information on the internal nucleon composition. The theoretical scheme in which these processes
are studied is QCD, both in its perturbative and non-perturbative aspects.
The cross sections for the above processes are written, according to a factorisation theorem, as the
convolution of elementary partonic interactions - known from perturbative calculations in the Standard
Model of strong and electro-weak interactions - with Partonic Distribution and Fragmentation Functions
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(PDFs and FFs). These are These are not calculable using perturbative methods, but their evolution
with the large-scale Q2 of the process can be computed in QCD. By measuring the cross sections one
learns about the PDFs and FFs at a certain scale, and can evolve them to other values of Q2, thus
achieving predicting power. Independent information on the FFs can be obtained from other processes,
like the annihilation of e+ and e− into pairs of hadrons.
For a long time, the PDFs and FFs were considered as collinear splitting processes, which corresponds
to a 1-dimensional imaging of a fast nucleon as a simple set of co-linearly moving partons. Recently, it
has become more and more clear that the understanding of many experimental results - in particular
those involving spin degrees of freedom - must take into account the transverse degrees of freedom, that
is the intrinsic motion of quarks and gluons inside the nucleons. This opens the way to the full study
of the 3-dimensional (3D) structure of the nucleons.
The complete 3D information on the partonic momentum distributions has been encoded in Trans-
verse Momentum Dependent Partonic Distribution Functions (TMD-PDFs). In experimental observ-
ables, they are often combined with Transverse Momentum Dependent Fragmentation Functions (TMD-
FFs). Apart from perturbative QCD corrections, when integrated over transverse momentum the TMDs
reduce to the collinear PDFs and FFs. A full knowledge of the partonic distributions must also include
their dependence on hadronic and partonic spin, related to subtle spin-orbit correlations of the strong
force.
At leading order in 1/Q there are eight TMD-PDFs and, for spinless final hadrons, 2 TMD-FFs.
Beside the TMD-PDFs and TMD-FFs, new objects - the Generalised Partonic Distributions, GPDs
- offer information on the parton distribution in coordinate space. There are also eight leading order
nucleon GPDs which give new information, like the correlation between the transverse position and
the longitudinal momentum of partons, providing a 3D mapping of the nucleon. They are also related
to the orbital momentum contribution of partons to the nucleon spin. The GPDs are off-diagonal
matrix elements of quark and gluon operators between nucleon states and can be measured in hard
exclusive processes such as the lepto-production of a photon or of a meson or the photo-production of a
lepton pair. Like for the TMDs, the measured quantities are convolutions of GPDs with hard scattering
amplitudes. In the diagonal limit the GPDs coincide with the PDFs.
Both the GPDs and the TMD-PDFs are particular limits of a vast class of functions, the so-called
Wigner functions (or Generalised TMDs, GTMDs), which are the quantum mechanical version of the
classical phase-space distributions. The really ultimate theoretical goal is that of reconstructing the
nucleon Wigner functions; attempts to do that can be done, at the moment, by modelling the light-front
nucleon wave functions.
In the last 10-15 years the first measurements of azimuthal asymmetries in Semi Inclusive Deep
Inelastic Scattering (SIDIS, lepton + nucleon → lepton + hadron + X, `N → ` hX) processes by the
HERMES (DESY, Germany), COMPASS (CERN) and Jefferson Laboratory (JLab, USA) Collabora-
tions, together with the related theoretical analyses, have definitely revealed the role of the TMDs and
allowed the first extraction of some of them. Similarly for the GPDs. Recent results by the Belle (KEK,
Japan), BaBar (SLAC, USA) and BES-III (BEPC, China) Collaborations in e+e− → h1 h2X processes
have definitely shown the role of TMD-FFs. Important data are expected soon from the Drell-Yan
(D-Y) processes at COMPASS and possibly RHIC (BNL, USA), and from the 12 GeV upgrade of JLab.
Great expectations are linked to the planned future Electron Ion Collider (EIC) in USA and the LHCb
(polarised) fixed target experiment at CERN.
We have then reached a stage in which one should combine phenomenological studies of TMDs and
GPDs with theoretical models of proton and neutron wave functions. It is the only way which may lead
to a true 3D knowledge of the nucleon structure. The available data give the necessary (although not
yet complete) information in modelling the 3D structure, while the soon expected new data will allow
improvements of the models and tests of their predictions.
In this review paper we focus on TMDs and inclusive processes, that is on the 3D structure of
3
nucleons in momentum space. The plan of the paper is the following. In Section 2 we summarise the
experimental results which show and lead to the necessity of taking into account the transverse motion of
partons inside the nucleons and the transverse momentum of hadrons in a parton hadronisation process.
These are typically, but not exclusively, polarised interactions. We consider separately three kinds of
processes: SIDIS, `N → ` hX; hard nucleon-nucleon interactions, N N → `+ `−X, N N → h1 h2X
and N N → h1X; hadron production in e+ e− annihilations, e+e− → h1 h2X and e+e− → Λ↑X.
Although the formal definition and discussion of TMDs will be presented in Section 3, some TMDs will
already be mentioned in Section 2, when illustrating the experimental evidence for transverse motion.
In particular, the Sivers TMD-PDF, that is the distribution of unpolarised partons inside a transversely
polarised proton, and the Collins TMD-FF, that is the transverse motion of a hadron within a jet
generated by a transversely polarised quark.
In Section 3 we present and discuss the TMD phenomenology; that is, after introducing the TMD-
PDFs and the TMD-FFs, we show how to relate them to physical observables, and how to extract
TMD information from data, which is not a simple procedure. This is mainly and explicitly done at
leading order, again separately for the three kinds of processes described above. Some comments and
full references to QCD corrections and TMD evolution are also given.
In Section 4 we summarise our actual knowledge on some TMDs and their relevance towards a 3D
imaging of the nucleon. Some specific issues, like the orbital motion of quarks inside a nucleon and the
universality of the TMDs, will only be mentioned. The last part of this Section is amply devoted to the
Wigner function, its importance and the ongoing attempts, mainly theoretical, to study it.
In the Conclusions we summarise the content and the purpose of the paper, indicating open prob-
lems and possible further developments. The importance of new results from the running COMPASS
and RHIC D-Y measurements, and from the operating 12 GeV JLab upgrade is discussed. Crucial
improvements expected from the planned EIC facility are emphasised.
Several excellent review papers related and complementary to the issues covered in this paper can
be found in the literature [1, 2, 3, 4, 5, 6]. A collections of topical contributions dedicated to the
3-dimensional nucleon structure can be found in Ref. [7], while the physics case of the Electron Ion
Collider, a planned future machine devoted to the exploration of the nucleon structure, is discussed in
Ref. [8]. This paper is focused on the phenomenological features of transverse spin physics and most
technical aspects and subtleties of QCD, like TMD evolution, will not be discussed: a complete and
fundamental introduction to a correct QCD description of high energy processes can be found in Ref. [9].
2 Transverse spin effects and the parton transverse motion
In this Section we recall the experimental data which cannot be understood in the usual collinear QCD
parton model scheme; they are mainly, but not uniquely, spin data. As usual, polarised experiments
test a theory at a much deeper level than unpolarised quantities; in particular, Single Spin Asymme-
tries (SSAs) originate from subtle Quantum Mechanical interference effects, which do not affect the
unpolarised observables. In addition, if we consider parity conserving strong and electromagnetic inter-
actions, only transverse SSAs are allowed by parity invariance; thus, they are the ideal probe to explore
the transverse (with respect to the direction of motion) internal structure of hadrons.
We consider high energy inclusive processes, which are usually described in terms of interactions
among quarks and gluons. The relation between the measured hadronic quantities, the elementary
QCD or QED partonic interactions, and the nucleon structure we wish to explore, is encoded in the
factorisation scheme, which we shall use and on which we shall comment in the next Section. We simply
discuss, in this Section, the available data for the three kinds of processes mentioned in the Introduction:
SIDIS, hard N N collisions and e+e− annihilations.
4
2.1 Spin effects in SIDIS
Traditionally, since the end of the 60s, the exploration of the nucleon structure has been successfully per-
formed via Deep Inelastic Scattering (DIS, `N → `X) in which a point-like lepton (typically electron,
positron or muon) is scattered at high energy and large angle off a nucleon. The basic interpretation
is that the lepton scatters off a quark, via one virtual photon exchange, and the measurement of the
final lepton energy and direction allows to learn about the longitudinal momentum fraction (x) of the
nucleon carried by the quark. The QCD corrections induce a dependence on the 4-momentum transfer
squared of the lepton (the 4-momentum squared of the virtual photon, q2 = −Q2) which can be com-
puted. Thus, one learns about the Parton Distribution Functions (PDFs), fq(x,Q
2), that is the number
density of quarks q, carrying a fraction x of the parent nucleon momentum, as seen at a distance ∼ 1/Q.
The correct prediction of the Q2 dependence is one of the triumphs of perturbative QCD.
However, despite its great success, this study gives a one-dimensional (1D) picture of the nucleon,
limited to the longitudinal degrees of freedom. This might be sufficient in many high energy exper-
iments, where the transverse motion of partons inside the nucleon is negligible compared to the fast
longitudinal motion; indeed, many high energy cross sections are correctly predicted in several experi-
ments. When introducing spin degrees of freedom this 1D picture allows to obtain information on the
parton helicity distributions, that is the difference between the density number of partons with the
same and opposite helicity as the parent proton: again, only longitudinal features of the nucleon. The
transversity distribution, that is the difference between the density number of partons with transverse
spin parallel and antiparallel to the transverse spin of the parent proton, cannot be accessed in DIS. As
it will be shown in the next Section, information on the transversity distributions can only be obtained
by considering TMD effects.
In general, transverse SSAs in hadronic processes cannot be understood in the simple collinear
partonic picture of the nucleon. This is related to the fact that QCD or QED massless and parity
conserving partonic interactions, do not allow transverse SSAs and a collinear fragmentation process
cannot build up a transverse polarisation. Although PDFs have provided much information to shape
our physical picture of the nucleon, they cannot answer key questions for understanding the structure
of the nucleon, namely how its spin is apportioned between the spin of its constituents and their orbital
angular momentum. We definitely need a 3D imaging of the nucleon, if we want to understand its
structure and to explain many experimental data.
So far, SIDIS processes (`N → ` hX) are the main probe exploited to explore the 3D structure of
the nucleon. In such processes, differently from the DIS case in which one only detects the final lepton,
the point-like lepton scatters off a quark, which, subsequently, fragments into an observed hadron. By
looking at the hadron distribution one can get further information on the quark which generated it, its
intrinsic motion and possible correlations between its spin, its motion and the spin of the nucleon.
The kinematics of a typical SIDIS process, in the virtual photon-nucleon center of mass frame is
shown in Fig. 1, where the relevant kinematical variables are defined. It is already clear from this figure
that, in the simple leading order collinear parton model in which the γ∗ hits a quarks, which bounces
back and fragments co-linearly, one could not have a final hadron with a transverse momentum P T . This
could be generated by higher order QCD interactions, but, at leading order in the strong interaction
coupling, a transverse momentum of the final hadron must be related to the intrinsic motion of the
quark in the nucleon and the transverse momentum of the hadron h with respect to the momentum of
the fragmenting quark.
The most general expression for the SIDIS cross section, with unpolarised leptons and fully trans-
versely polarised nucleons, assuming a single virtual photon exchange and neglecting masses, can be
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Figure 1: Kinematics and definition of the variables of SIDIS processes in the γ∗ −N c.m. frame.
written as [10, 11, 12, 13, 14, 15, 16]:
dσ`+p(ST )→`
′hX
dx
B
dQ2 dzh d2P T dφS
=
2α2
Q4
× (1)
{
1 + (1− y)2
2
FUU + (2− y)
√
1− y cosφh F cosφhUU + (1− y) cos 2φh F cos 2φhUU
+
[
1 + (1− y)2
2
sin(φh − φS)F sin(φh−φS)UT + (1− y) sin(φh + φS)F sin(φh+φS)UT
+ (1− y) sin(3φh − φS)F sin(3φh−φS)UT + (2− y)
√
1− y
(
sinφS F
sinφS
UT + sin(2φh − φS)F sin(2φh−φS)UT
)]}
,
where we have used the usual SIDIS variables:
s = (`+ p)2 Q2 = −q2 = −(`− `′)2 x
B
=
Q2
2p · q zh =
p · Ph
p · q y =
p · q
p · ` · (2)
The FUU and the FUT are structure functions which depend on the kinematical variables (2): the first
index denotes the lepton polarisation state (U = unpolarised) while the second one denotes the nucleon
polarisation state (either U = unpolarised or T = transversely polarised). The full structure of the
SIDIS cross section, with all lepton and nucleon polarisations, can be found in Refs. [15, 16]; Eq. (1) is
the main source for all phenomenological SIDIS studies we discuss here.
Obviously, the azimuthal modulations of the cross section require the detection of the transverse
momentum P T of the final hadron; by integration over φh all terms, except that containing FUU , would
vanish. Notice also that the above SIDIS cross section can originate several transverse SSAs: if one
takes differences of cross sections with opposite nucleon transverse spins, dσ(φS) − dσ(pi + φS), many
terms in Eq. (1) survive.
These asymmetries are often expressed through their azimuthal moments,
A
W (φh,φS)
UT = 2
∫
dφh dφS
[
dσ↑ − dσ↓] W (φh, φS)∫
dφh dφS [dσ↑ + dσ↓]
, (3)
where W (φh, φS) is the appropriate azimuthal weight function required in order to isolate the specific
contribution of interest and dσ↑,↓ is the differential cross section of Eq. (1) with ST = ↑, ↓ denoting,
respectively, a transverse polarisation with azimuthal angle φS and φS + pi.
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Fig. 8. – Sivers asymmetries, A
sin(φh−φS)
UT , for positive and negative pion production on proton
measured at COMPASS [91] requiring x > 0.032 (filled circles) are compared with HERMES
proton results [102] (empty circles).
production on the other [94,95]
(10)
(
f⊥1T
)
SIDIS
= − (f⊥1T )DY .
The Sivers SSAs for proton and deuteron targets have been published by HER-
MES [96, 86] and COMPASS [87-89, 91, 97-100], which provided the first, direct indi-
cation of significant interference terms beyond the simple s-wave (Lz = 0) picture. The
asymmetries become larger with increasing x, suggesting that spin-orbit correlations are
significant only in the region of large x (x > 0.01), where the valence quarks or non-
perturbative sea are relevant [20]. In addition to the classical approach, COMPASS has
recently measured also the PT /zM -weighted Sivers asymmetries accessing directly the
first moments of the Sivers functions for uv and dv quarks [101].
From the comparison of HERMES [102] and COMPASS [91] proton results in the
overlapping kinematic region, unlike the Collins asymmetry, the Sivers effect at HER-
MES was found to be somewhat larger compared to that measured at COMPASS (see
fig. 8). This observation may hint to the influence of TMD evolution effects. Present
models predict for increasing Q2 a mild dependence of the Sivers asymmetry when the
parton model approximation and DGLAP evolution is used and a strong or weak de-
crease for different TMD evolution schemes, see for instance refs. [103-105]. There is no
theoretically compelling argument to use DGLAP evolution for TMDs, only the small-b
expansion [24] of TMDs may be related to collinear functions that obey DGLAP evo-
lution. TMD evolution [24, 106] should be quite different from DGLAP. COMPASS
recently performed the first multi-differential analysis of the transverse-spin-dependent
Figure 2: The weighted transverse SSA A
sin(φh−φS)
UT , as measured by the COMPASS and Hermes Collab-
orations is shown as a function of its kinematical variables (notice that x = x
B
, z = zh and p
h
T = PT ).
This asymmetry is also denoted as A pSiv, because it will be interpreted as related to a TMD-PDF in-
troduced by Sivers. Figure reprinted from Ref. [6] with kind permission of Societa` Italiana di Fisica,
c©Societa` Italiana di Fisica 2019.
For example, taking W (φh, φS) = sin(φh − φS), one obtains:
A
si (φh−φS)
UT ≡ A pSiv =
F
sin(φh−φS)
UT
FUU
, (4)
while with W (φh, φS) = sin(φh + φS) one has
A
sin(φh+φS)
UT ≡ A pCol =
2(1− y)F sin(φh+φS)UT[
1 + (1− y)2]FUU · (5)
These SSAs have been observed by several experimental Collaborations: HERMES at HERA [17, 18],
COMPASS at CERN [19, 20, 21, 22], HALL A at JLab [23, 24]. Some results from COMPASS and
HERMES are shown in Figs. 2 and 3.
In Section 3.2 we will interpret the SIDIS cross secti n, t least in limited kinematical regions,
in terms of elementary lep on-qu rk i erac ions; at leading order in such interactions no SSAs is
allowed and the sp n effects mu t be originated by i trinsic non pertu b tive properties of the parton
distributions and fragmentations, which will be encoded in the TMDs. Also the PT distribution of the
unpolarised cr ss sectio will be related to TMD .
2.2 Spin effects in hard N N collisions
The observation of transverse single spin asymmetries in hard N N collisions playe a pioneering role
in the field of transverse spin physics. Of special importance were the observation of a significant
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respect to the hadron charge, which is attributed to the same size and opposite sign of the
favoured and unfavoured Collins FFs. In fig. 7 COMPASS and HERMES proton Collins
SSA results for positive and negative pion productions are compared. The asymmetries
are found to be in agreement, which is a non-obvious result, taking into account that in
the valence region the Q2 value at COMPASS is as much as two to three times larger
compared to that of HERMES. Measurements of Collins asymmetries by HERMES [86]
and COMPASS [90, 91] combined with the Belle [92] e+e− → π+π− data are used in
global fits allowing to extract the transversity distribution, see e.g. ref. [93]. In 2021
COMPASS is planning to perform one year of semi-inclusive DIS data taking with a
transversely polarised deuteron target [34]. This measurement will allow to considerably
improve the knowledge on d-quark transversity distribution.
The study of the Sivers effect, describing correlations between the transverse polariza-
tion of the nucleon and its constituent (unpolarized) parton’s transverse momentum, has
been the topic of a great deal of experimental, phenomenological and theoretical effort in
recent years. The asymmetry is related to the Sivers TMD PDF (f⊥1T (x, k
2
T )) convoluted
with ordinary fragmentation function (D1(z, P
2
hT )), the corresponding structure function
reads
(9) F
sin(φh−φS)
UT (x, z, PhT ) = C
[
−hˆ · kT
MN
f⊥1T (x, k
2
T )D1(z, P
2
hT )
]
.
The most exciting feature, predicted for the Sivers function, is that it is expected to
have opposite sign when measured in SIDIS on the one hand, and in DY or W/Z-boson
Figure 3: The weighted transverse SSA A
sin(φh+φS)
UT , a measured by the COMPASS a d He mes Collab-
orations is shown as a function of its kinematical variables (notice that x = x
B
, z = zh and p
h
T = PT ).
This asymmetry is also denoted as A pCol, because it will be interpreted as related to a TMD-FF in-
troduced by Collins. Figure reprinted from Ref. [6] with kind permission of Societa` Italiana di Fisica,
c©Societa` Italiana di Fisica 2019.
transvers polarisation of hyp rons produced in the collision of a 300 GeV unpolarised proton beam
with a Berillium ta get at F rmilab [25, 26], as well as the observ tion of left- igh asymmet ies, AN ,
for pions produced in the forward direction of a polarised proton beam impinging on an unpolarised
nuclear or proton target, first at the ZGS at ANL [27, 28] and later at the AGS at BNL [29] a d at the
E704 experiment at Fermilab [30, 31], with beam energies ranging betw en 6 and 200 GeV. As noted
in the introduction, these results were in contradiction to the expectation that transverse spin effects
are suppressed at high scales [32] and therefore gave the first experimental hint of their importance in
hard collisions. It can be argued that these early experiments did not reach high enough in the relevant
momentum scale; however, recent data by the STAR experiment at the Relativistic Heavy Ion Collider
(RHIC) shows that AN persists up to transverse momenta pT close to 10 GeV [33].
These results provided first tantalising evidence for the importance of transverse spin and intrinsic
transverse momenta of partons. In particular, the first attempt to explain the surprising left-right asym-
metries observed in p↑p→ piX processes prompted the first introduction of a TMD parton distribution
(the Sivers distribution [34]), in the framework of a simple generalisation of the collinear factorisation
scheme, subsequently denoted as the Generalised Parton Model (GPM). However, all these spin results
in p p single inclusive interactions are difficult to interpret in a partonic picture. As will be discussed
later in Sec. 3.3, since they are one-scale processes, a collinear twist-3 picture is applicable. The latter
has non-trivial connections to the partonic TMD picture, e.g. via the Wandzura-Wilczec relations [35];
however, it includes additional degrees of freedom parameterised by non-perturbative functions that
would have to be measured as well [36]. A significant recent development has been the experimental
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process framework hard scale soft scale
p p→ hX twist-3 pT,h -
p p→ hX TMD, GPM pT,h -
p p→ h1 h2X collinear twist-2 pT,(h1+h2) -
p p→ (jet+ h)X TMD pT,jet k⊥h
p p→ ` `′X TMD M`−`′ pTγ∗
p p→ W/Z0X TMD MW/Z0 pT,W/Z0
p p→ γ X twist-3 pT,γ -
Table 1: List of different processes sensitive to TMDs in hadronic collisions. The table shows the
relevant hard scale (for the TMD factorisation and the twist-3 framework) and the soft scale (TMD
framework only). The di-hadron production process is an outlier, since it can be described in a collinear,
twist-2 framework due to the additional degrees of freedom in the final state. The TMD framework
for p p→ hX assumes the validity of the GPM. Symbols for the hard scales denote the hadron (pT,h),
hadron-pair (pT,(h1+h2)), jet (pT,jet) and photon pT,γ transverse momenta as well as the masses of the
di-lepton system in D-Y (M`−`′) and the vector bosons in W/Z production. Soft scales are given by the
hadron transverse momentum within a jet, k⊥h, for hadron in jet measurements and by the transverse
momenta of the virtual photon and vector boson in D-Y and W/Z0 production respectively. These
quantities will be defined in more details when discussing the single processes in the following Sections.
and theoretical effort put into observables where TMDs can be accessed directly such as di-hadron final
states and two scale processes, like the production of hadrons in jets and the W/Z production [37, 38, 39].
To give an overview of the observables characterising the hadronic collisions discussed here, Table 1
shows, for each process, the applicable framework and the large and small observable scales. The large
scale is necessary for the factorisation of the hard scattering from the non-perturbative contributions to
the cross section (Mp ' 1 GeV), whereas the small scale provides sensitivity to the non-perturbative
partonic structure and should therefore be of the order of the intrinsic transverse momentum in the
nucleon (∼< 1 GeV). Di-hadron correlations are a somewhat special case, since they can be used within
a collinear framework. The TMD approach for one scale p p → hX processes, assumes the validity of
a Generalised Parton Model.
Richer final states, depending on several variables, that would allow a more direct access to partonic
dynamics, as in SIDIS processes, were not possible at early N N experiments due to limitations in
energy, luminosity as well as detector capabilities. However, at RHIC, where longitudinal and trans-
versely polarised protons can be collided with other protons or heavier nuclei, effects related to parton
distribution functions can be accessed in two-scale processes at leading order and leading twist.
Before exploring these cases in more detail, we give a short overview of the advantages of studying
the nucleon structure in N N collisions in addition to SIDIS. It should be noted that in the majority of
cases discussed here both nuclei in the reactions are protons. This is natural, since this review is mainly
concerned with the partonic structure of protons and for heavier nuclei additional nuclear effects would
enter, which are not always well known. Furthermore, data on polarised nuclei beyond protons is quite
rare as is data on heavier nuclei at center-of-mass energies beyond those within reach of fixed target
experiments.
In hadronic collisions, there is no point-like probe; instead, at hard enough scales, the constituents of
two composite particles scatter off each other. This inherently convolutes the structures of both particles
into the physical observables as will be further detailed in Sec. 3.3. In particular, it is challenging to
determine the kinematics of the partonic scattering. If the transverse energy in the event is sufficient, jets
can be used as an approximation of the outgoing parton [40], allowing the calculation of the kinematics
of the underlying 2 → 2 partonic scattering in the Born approximation, leading to the expression in
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Figure 4: x − Q2 coverage of the STAR Collaboration measuring the Collins asymmetry for the pro-
duction of hadrons in jets, compared with the Collins asymmetry measurement in SIDIS experiments.
Figure reprinted from Ref. [43] and available under a Creative Commons Attribution 4.0 International.
Eq. (14) further below. Thus, N N data is complementary to SIDIS data and is crucial to complete our
understanding of the proton structure.
Differently from SIDIS processes, in hadronic collisions such as p p, gluons can be accessed at leading-
order, since the probe is most often a color charged object as well. The presence of a color-charged probe
and the associated difference in color flow allows to check the process dependence of interactions. An
important examples for this is the predicted sign-change of transverse single spin asymmetries in SIDIS
compared to D-Y measurements [41] (see Section 4.2). This is an example of modified universality,
where the modification is rather straightforward. Adding even more color-charges in the final state
allows the existence of “entangled” gluon lines which is predicted to further complicate the process
dependence [42]. However, it can be argued that a theoretical and experimental investigation of these
effects is important for our full understanding of QCD.
While in SIDIS the coupling strength of the leptonic probe is given by e2q, where eq is the charge
of the struck quark (in units of the proton charge), in contrast, in hadronic collisions the coupling
strength is the same for all partons. Therefore complementary information on the flavour structure of
the proton can be extracted. This is possible in SIDIS as well using effective neutron targets, but it
requires additional running, e.g. with a deuterium or 3He target. Nuclear effect in these targets can
add complexity to the analysis.
The last point we want to consider here is the extended kinematic coverage of hadronic collisions.
Till the arrival of the EIC, polarised SIDIS experiments will be confined to a rather limited range in
Q2 due to their fixed target kinematics. In comparison, measurements at RHIC can reach values of Q2
that are more than two orders of magnitude higher, as shown in Fig. 4.
RHIC is the first and only polarised p p collider and naturally plays a prominent role in the study
of transverse spin effects in hard N N collisions. Even though we focus here on the RHIC results, it
should be mentioned that measurements of interest for the TMD partonic structure of the nucleon are
also conducted at other N N machines, like the LHC. In these experiments there is obviously no access
to observables that depend on polarisation in the initial state; however, measurements can be done that
are sensitive e.g. to the intrinsic transverse momentum of partons in the nucleon by studying the pT
spectrum of W/Z bosons. For an overview, see Ref. [44].
Analogously to the SIDIS case, transverse spin and momentum dependent observables express them-
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selves, given an appropriate reference system, in the dependence of the cross section on certain azimuthal
angles which can be constructed from polarisation and momentum vectors. In the following we will
summarise these observables for various processes in N N collisions. The focus will be on observables
that have been measured experimentally. Due to the added complexity in N N collisions, the com-
plete cross sections are rather lengthy, if they exist in the literature at all. Therefore they will not be
reproduced here in their full length. The reader is referred to the appropriate given references. The
phenomenology of hadronic collisions in terms of TMDs is discussed in detail in Sec. 3.
2.2.1 Transverse single spin asymmetries in pN → hX processes
As described above, the transverse single spin asymmetry AN has a long history. For a forward moving
transversely polarised beam, it is defined as:
AN ≡ dσ
↑ − dσ↓
dσ↑ + dσ↓
, (6)
where dσ is the differential cross section for the process pN → h(ph) + X, and ↑, ↓ indicate opposite
spin polarisation vectors perpendicular to the scattering plane. It is easy to see that, by rotational
invariance, one has
AN ≡ dσ
↑(pT )− dσ↑(−pT )
dσ↑(pT ) + dσ↑(−pT )
, (7)
where pT is the component of the final hadron momentum ph transverse to the polarised beam direction.
That is, AN can also be simply seen as a left-right asymmetry in the inclusive production of a single
hadron, while the beam polarisation remains fixed.
Significant asymmetries have been observed in p p collisions up to
√
s = 500 GeV [33] for pi0.
Data also exists for charged pions and kaons [45] as well as η mesons [46, 47] and J/Ψ [48]. Here we
concentrate on the pseudo-scalar mesons. A common feature of the asymmetries is a rise with xF ,
where the so-called Feynman-x variable for a detected particle A is defined as xF = p
A
L/(p
A
L max). Here
pAL is its longitudinal momentum measured in a specific frame and p
A
L max the maximum longitudinal
momentum that the particle can have in this frame. For p p collisions with equal beam energies (in the
c.m. system), xF reduces to xF = (2p
A
L)/
√
s and xF = 0 corresponds to particles detected at an angle
pi/2 with respect to the beam axis in the lab frame.
Fig. 5 shows the world data on AN for c.m. energies
√
s which go from 4.9 GeV at the ZGS up
to 500 GeV at RHIC. As well as the rise in xF , one can observe rising values of the asymmetries with
the transverse momentum pT of the detected meson. Even at the highest c.m. energies available, no
fall with pT was observed [33]. An interesting development has been the recent measurement of the
nuclear dependence of AN [49]. The Phenix experiment observed a dependence of the asymmetries on
the atomic number of the unpolarised beam, which has not been confirmed by the STAR experiment.
These measurements might be sensitive to gluon saturation effects, which are not a focus of this review.
We refer to Ref. [50] for more details.
2.2.2 Transverse single spin asymmetries in γ∗,W/Z, γ production
Closely related to the t-channel SIDIS process discussed earlier, are the corresponding s-channel pro-
cesses in which the annihilation of a q q¯ pair creates a virtual γ∗ or a real W/Z boson. For q + q¯ →
γ∗ → `+`−, where `+`− is a final state lepton pair, this is the Drell-Yan process [52]. Similarly to
SIDIS, two non-perturbative objects enter the cross section of these processes, in this case two parton
distribution functions, but no FF, due to the non-hadronic final state. This makes them relatively
clean tools that allow a complementary access to TMD-PDFs. In particular, the Drell-Yan process with
the possibility to measure transversity “squared” in transverse double spin asymmetries without FF
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Figure 5: Selection of world data on AN in p p interactions for neutral and charged pions. In particular in
the pi0 case, the so-called xF scaling is evident, which means that the asymmetry is almost independent
of
√
s. In general, the dependence of AN on xF is almost linear. Data compiled by Oleg Eyser [51].
contribution [53] as well as accessing the process dependence of the Sivers function [41], has attracted
considerable attention in recent times.
When allowing for parton intrinsic motion, the TMDs express themselves in the dependence of
the Drell-Yan cross-section on the azimuthal angles shown in Fig. 6. The first ones, φV and φS, are
determined in the target rest frame and they are respectively the azimuthal angles of the momentum
direction q of the vector boson – the γ∗ in D-Y or the W/Z in the case of weak boson production
discussed further below – and the transverse spin orientation of the beam. It is convenient to define
them in the target rest frame as this is the natural frame for the experimental setup and it has a closer
connection to the partonic picture [54]. The remaining azimuthal angle φCS is customarily defined in a
lepton pair center-of-mass frame. In this frame one also defines the polar angle θCS. Here the subscript
CS in θCS and φCS designates the Collins-Soper (CS) frame [55]. Another common frame, related to
the CS system by a rotation, is the Gottfried-Jackson frame [56].
The hard scale of the process is given by the virtuality q2 of the γ∗ which can be determined from
the invariant mass M`−`′ of the `+`− system. The TMD picture is valid for small transverse momenta
qT of γ
∗. The cross section of the Drell-Yan process with one transversely polarised proton can be
expressed in terms of azimuthal dependent structure functions analogous to the SIDIS process [54, 57].
The full expression for two polarized hadrons is quite lengthy (see e.g. Eq. (57) in Ref. [54]),
as it contains various combinations of the TMDs of both hadrons. Therefore we will concentrate on
two relevant cases here. First, considering the polarization of the hadrons (either longitudinal, SL, or
transverse, ST ), but integrating out the angles φCS, θCS of the leptonic system [54, 39]:
dσDY
d4q
=
8piα2
9s q2
{
FUU + SAL SBL FLL
+ |SAT |
[
sin(φV − φSA)F
sin(φV −φSA )
TU
]
+ |SBT |
[
sin(φV − φSB)F
sin(φV −φSB )
UT
]
+ |SAT |SBL
[
cos(φV − φSA)F
cos(φV −φSA )
TL
]
+ SAL |SBT |
[
cos(φV − φSB)F
cos(φV −φSB )
LT
]
+ |SAT | |SBT |
[
cos(2φV − φSA − φSB)F
cos(2φV −φSA−φSB )
TT + cos(φSA − φSB)F 1TT
]}
. (8)
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Figure 6: Two frames are commonly used in the analysis of the Drell-Yan process. The target rest frame
and the Collins-Soper frame. Since it is also used in the W/Z case, here the center-of-mass frame of the
colliding hadrons is shown on the left side which is related to the target rest frame by a boost along the
z-axis. Therefore the azimuthal angles entering the cross-section are the same. The Collins-Soper frame
is the lepton center-of-mass frame where the z-axis bisects the incoming hadron momenta as shown in
the figure on the right. The angle φCS is then the azimuthal angle of the lepton plane with respect to
the hadron plane and the angle θCS is the angle between the lepton direction and the z-axis.
As we will see in Sec 3.3.2, the FTU and FUT structure functions are sensitive to the Sivers functions
of hadron A and B, respectively, convoluted with the unpolarized PDF of the other hadron. Section 3
will explore the interpretation of the structure functions in terms of TMDs.
Secondly, we consider the unpolarised cross-section in a di-lepton center of mass frame, e.g. the
Collins-Soper frame. With Ω denoting the solid angle of the leptons, one can arrive for the angular
distribution of the leptons at [54]:
dσDY
d4q dΩ
=
αem
2s q2
[
(1 + cos2 θCS)F
1
UU
+ (1− cos2 θCS)F 2UU + sin 2θCS cosφCS F cosφCSUU + sin2 θCS cos 2φCS F cos 2φCSUU
]
, (9)
where all angles are in the CS frame. Defining
λ =
F 1UU − F 2UU
F 1UU + F
2
UU
µ =
F cosφCSUU
F 1UU + F
2
UU
ν =
2F cos 2φCSUU
F 1UU + F
2
UU
(10)
the cross section takes the form [54]
dN
dΩ
≡ dσ
DY
d4q dΩ
/
dσDY
d4q
=
3
4pi
1
λ+ 3
(
1 + λ cos2 θCS + µ sin 2θCS cosφCS +
ν
2
sin2 θCS cos 2φCS
)
, (11)
and the Lam-Tung relation [58] can be written as 1 − λ = 2ν. It is the analogue to the Callan-Gross
relation in SIDIS, since it is also a consequence of the interaction with point-like, spin-1
2
quarks. Unlike
the Callan-Gross relation, the Lam-Tung relation holds at O(αs). Therefore, violations of the Lam-
Tung relation can be seen as an indication of non-perturbative effects. Most notably, the Boer-Mulders
function h⊥1 , which will be introduced as one of the TMDs, leads to such a violation [59].
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Albeit attractive, measuring spin-dependent asymmetries in the Drell-Yan process is challenging,
since a large part of the cross-section is in a M`−`′ region that receives significant contributions from
resonances that decay into lepton pairs, like the J/Ψ. Recently, the COMPASS collaboration showed
a first result on a Drell-Yan measurement using a polarised target to measure asymmetries related to
the Sivers effect [60]. That measurement is unusual compared to other D-Y experiments, since it uses
a pion beam, thus the pion PDFs enter in the relevant cross-sections. A Drell-Yan measurement in p p
interactions with a polarised target is also planned at the Fermilab experiment SpinQuest [61]
The γ∗ in the D-Y process can be replaced by real W/Z bosons, which can then be detected via
their hadronic or leptonic decay modes. Here the hard scale of the process is given by the mass of
the weak boson. Similar to the D-Y process, TMDs can be accessed in W/Z production through the
dependence of the cross section on several azimuthal angles [39]. In this case it is convenient to consider
the azimuthal angles of the polarisation vectors of the colliding beams in their center-of-mass system,
ϕSA and ϕSB defined again relative to the azimuthal direction of the W/Z boson momentum in this
system. Given that the azimuthal angles are invariant with respect to boosts along the z-axis, these
are the same as the angles defined above for D-Y in the target rest frame. The cross-section can then
be written in terms of structure functions as [39]:
dσW
dy d2qT
=
piGFM
2
W
3
√
2 s
{
FUU + SAL FLU + SBL FUL + SAL SBL FLL
+ |SAT |
[
sin(φV − φSA)F
sin(φV −φSA )
TU + cos(φV − φSA)F
cos(φV −φSA )
TU
]
+ |SBT |
[
sin(φV − φSB)F
sin(φV −φSB )
UT + cos(φV − φSB)F
(cosφV −φSB )
UT
]
+ |SAT |SBL
[
sin(φV − φSA)F
sin(φV −φSA )
TL + cos(φV − φSA)F
cos(φV −φSA )
TL
]
(12)
+ SAL |SBT |
[
sin(φV − φSB)F
sin(φV −φSB )
LT + cos(φV − φSB)F
cos(φV −φSB )
LT
]
+ |SAT | |SBT |
[
cos(2φV − φSA − φSB)F
cos(2φV −φSA−φSB )
TT + cos(φSA − φSB)F 1TT
+ sin(2φV − φSA − φSB)F
sin(2φV −φSA−φSB )
TT + sin(φSA − φSB)F 2TT
]}
,
where y is the rapidity, which in terms of the four-momentum q = (q0, qT , qL) is given by y =
1
2
ln q0+qL
q0−qL ·
As explained in more detail in Ref. [39], the transverse spin asymmetries in W/Z production differ
from spin asymmetries in D-Y in two important ways. (1): Because the analogue of the decay-leptons
is not accessible, the CS angles φ and θ are effectively integrated out. This means that certain TMDs
that are accessible in D-Y are out of reach, e.g. the product of Boer-Mulders and transversity. And (2):
The parity violating nature of the weak interaction allows access to “wormgear” type TMDs in single
spin asymmetries, which are not accessibly in D-Y. This will be discussed further in Sec. 3.
A pioneering measurement of transverse single spin asymmetries in W and Z0 production has been
performed by the STAR experiment at RHIC [62] with the main objective to extract Sivers type
asymmetries.
A process that at first sight is similar to the D-Y and W/Z production processes described above, is
the direct photon production, p+ p→ γ +X. However, since here a real photon is produced (p2γ = 0),
this is a single scale process that, analogous to the AN asymmetries discussed above, has better to be
treated in the twist-3 framework. Due to the relation of twist-3 functions to TMDs, this process can
nevertheless be used to restrict TMDs like the Sivers function and has been suggested as another avenue
to test the process dependence of the Sivers effect [63] and to test the validity of the GPM approach
which assumes TMD factorisation [64].
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2.2.3 Transverse single spin asymmetries in di-hadron production
Recent data from RHIC made the exploration of richer hadronic final states possible. We discuss two
examples, di-hadrons in this Section and hadrons inside jets in the next Section. In both cases, to our
knowledge, a complete set of structure functions does not exist in the literature; therefore, we will not
reproduce the full cross-section, but will concentrate on the structure functions that have been explored
experimentally, which in both cases are modulations sensitive to the transversity distribution and, in
the case of jets, the Sivers distribution, as will be discussed in Sections 3.3.3 and 3.3.4. Much more
details on di-hadron fragmentation can be found in Ref. [65].
Considering only the practical relevant case of final states consisting of pseudo-scalar mesons, the
hadronic tensor in di-hadron production can depend on an additional vector, the difference between the
momenta of the outgoing hadrons R = ph,1 − ph,2. This additional vector allows sensitivity to the the
transverse spin structure of the proton as noted by Collins, Heppelmann and Ladinsky [66]. Using a co-
ordinate system where the z-axis is given by the momentum vector of the hadron pair, the polarization
sensitive part of the cross-section is usually parameterised with an azimuthal angle φR, a polar angle
θ and the invariant mass of the hadronic final state Mh. The angle φR is connected to the relative
angular momentum of the final state with a quantisation axis transverse to ph = ph,1 + ph,2, which can
be seen as a proxy for the outgoing quark. Therefore, modulations of the di-hadron cross-section in
φR are sensitive to the transverse spin structure of the proton. Well-known model calculations [67] for
transverse polarisation dependent di-hadron fragmentation functions are based on the interference of
hadron pairs in different partial waves 1.
For the parent quark polarisation dependent fragmentation into charged pions, the most relevant
effect would come from the interference of an s−wave from non-resonant production and a p−wave from
resonant production and subsequent decay of ρ mesons. Expanded in partial waves, each interference
term would then have a characteristic θ dependence with the most relevant s−p interference term having
a sin θ dependence. Since the experimental acceptance usually peaks at sin θ = 1 due to momentum
cuts on the particles, current results in p p integrate over the θ dependence, and only consider the
dependence on the azimuthal angle φR. The relevant quantities for this measurement are shown in
Fig. 7.
Experimental results from p p interactions at RHIC have been published by the STAR Collab-
oration [70, 71] on the transverse single spin asymmetry AsinφRSUT defined analogously to the SIDIS
asymmetries in (3) as
AsinφRSUT = 2
∫
dφRS
[
dσ↑ − dσ↓] sinφRS∫
dφRS [dσ↑ + dσ↓]
, (13)
where φRS = φR − φS.
As further discussed in Sec. 3.3.3, this asymmetry is sensitive to the contribution of the transversity
PDF even after integrating over the transverse momentum degrees of freedom in the PDFs and FFs [37].
The STAR measurement has been used for the first global extraction of transversity from SIDIS, p p
and e+e− data [72].
2.2.4 Transverse single spin asymmetries of jets and hadrons in jets
At high energies, hadronic final states in nuclear collisions are collimated into jets. Therefore, jets
provide a connection to the initial state partonic kinematics. At leading order one can simply identify
the parton direction with the jet [73], but the connection can also be done at higher orders [74].
Jets are usually described by their transverse momentum pT , with respect to the beam direction,
as well as their position in η − φ space, where η is the pseudo-rapidity and φ the azimuthal angle.
Since differences in rapidity are boost invariant, a rule of thumb is that jets will cover about one unit
1It should be mentioned that there are alternative models based on string fragmentation [68, 69]
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Figure 7: Left: Diagram of the azimuthal angles relevant for di-hadron measurements in p p interactions.
Here ph,1(2) is the momentum of the positive (negative) pion, sa is the beam polarization, and φR is
the angle between the scattering plane (gray) and the di-hadron plane (yellow). The diagram on the
right shows the polar angle θ defined between the hadron direction in the center-of-mass system of the
hadron pair and the direction of the sum of the hadron momenta ph in the target rest frame.
in η and φ regardless of their xF . In practice, experimental requirements, such as detector uniformity,
contributions from underlying events or the beam remnants, will often require the use of a smaller jet
radius in reconstruction. With the availability of high statistics datasets from the STAR experiment
at RHIC, as well as the LHC experiments, interest in using jets to access proton structure has grown
substantially.
The challenge for jet physics is that the c.m. energy has to be high enough for jets to be created,
and the jets must have high enough pT to provide a hard scale. At the same time, experiments have to
have large enough acceptances to detect a jet. Given the rough size estimate of 1 × 1 in η − φ space,
this means usually full azimuthal coverage as well as a significant coverage in the polar angle. Forward
detector, like early N N experiments or current Fermilab experiments, are problematic for jet physics,
since the geometry means that jets in the acceptance have low pT and will often be contaminated by
beam background. Therefore, most experimental input comes from the STAR experiment at RHIC as
well as the LHC experiments.
Even though jets are among the most challenging observables in nuclear collisions, they are quite
attractive, since they can be seen as proxies for the outgoing parton in the scattering. This makes
an estimation of the underlying partonic kinematics in jet production possible; at LO we have 2 → 2
underlying processes. For example, the partonic x can be calculated from the pseudo-rapidities η and
transverse momenta pT of the two jets as
x1 = (pT,1 e
η1 + pT,2 e
η2)/
√
s x2 = (pT,1 e
−η1 + pT,2 e−η2)/
√
s. (14)
As it can be seen from the expression above, high pT jets preferentially select high x partons. The
fractional energy z can be determined as the ratio of the energy of the detected hadron to the jet energy.
This measurement of z is obviously also available in inclusive jet measurements. If only a single jet is
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Figure 8: Diagram of the azimuthal angles relevant for hadron in jet measurements in p p interactions.
The initial momenta of the colliding hadrons are denoted A and B, with A being assoicated with the
polarization vector S. The outgoing parton momentum is denoted c and has an azimuthal angle φk.
The azimuthal angle of S is φS and the pion within the jet has a transverse momentum of k⊥,pi with
respect to the jet axis. The azimuthal angle of the pion around the jet axis is denoted φHpi . Figure
from [73]. Reprinted by permission from Springer Nature Customer Service Centre GmbH, Springer
Phys. Part. Nucl., 45(4):676-691, 2014, ”Collins and Sivers effects in p↑p →jet piX: Universality and
process dependence.”, Umberto D’Alesio, Francesco Murgia, and Cristian Pisano, Copyright 2014.
detected, the formulae above to calculate xi at LO are not applicable; however, there is still a strong
correlation between the pT and η of the detected jet with the underlying partonic kinematics since the
underlying 2→ 2 scattering in a high pT jet measurement is usually quite asymmetric in x.
Compared to SIDIS processes, measurements of transverse spin phenomena in jets in p p scattering
has the advantage that, at least in the LO interpretation, the initial and final state kT dependences are
separated, since presumably the jet is an approximation to the outgoing parton. However, if intrinsic
transverse momenta are included, there are questions about the factorisation of this process [42]. For
the Collins effect, i.e. the dependence of the transverse momentum of a hadron in a jet on the parent
parton transverse polarisation, universality seems to hold [75, 76].
Figure 8 shows the relevant quantities for the process with one polarised proton. Polarisation
dependent PDFs and FFs can be accessed by the dependence of the cross section on the azimuthal
angles of the parent proton polarisation (φS), the azimuthal angle of the jet axis (φk) and the hadron
(in this case a pion) within the jet (φHpi ). As will be discussed in Section 3, in a LO treatment, the cross
section has similarities with the SIDIS cross section when the lepton beam in the SIDIS case is replaced
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with a quark from the unpolarised proton. In particular, the transversity distribution can be accessed
by measuring modulations in the azimuthal angle of hadrons around the jet axis (φHpi ) and the Sivers
effect can be accessed by measuring the dependence of the cross section on the azimuthal angle of the
jet axis (φk). Both of these measurements have been performed by the STAR Collaboration [77, 43]
and a significant evidence for the Collins signal, consistent with expectations from global fits [76], has
been observed.
Transverse Single Spin Asymmetries (TSSAs) for jets measured at STAR do not show a significant
signal, as expected for jets detected at mid-rapidity. The AnDY experiment performed a measurement
for forward jets [78] which shows an indication of a non-vanishing asymmetry. While for the observation
of a hadron inside a jet the TMD picture is appropriate, due to the small transverse momentum of the
hadron inside a jet, this is not so clear in single-jet measurements to access the Sivers effect. Here only
a single hard scale, the pT of the jet, is observed, which makes the twist-3 picture more appropriate.
However, the twist-3 measurement can be related to the Sivers function in the intermediate pT region, as
discussed in Sec. 3.3.4. A measurement of the Sivers function that can be interpreted in the TMD picture
are nearly back-to-back di-jets, where a spin dependence of the (small) relative transverse momentum of
the two jets is observed. Such a measurement has been performed by the STAR Collaboration [79], but
the measurement was limited by statistics. In addition, factorization and universality are problematic
in this case as will be further discussed in Sec. 3.3.4. It should be noted that the aforementioned
factorization issues in back-to-back jet production can be avoided in SIDIS jet production, such as a
future EIC. Here one of the jets is replaced conceptually by the outgoing lepton. Such a measurement
would therefore combine some of the advantages of jet measurements, in particular the decoupling of
the fragmentation functions for the TMD-PDF measurements and vice-versa with the advantage of the
clean theoretical understanding of SIDIS.
2.3 Spin effects in e+e− → h1 h2X and e+e− → Λ↑X processes
Let us consider the process in which unpolarised leptons and anti-leptons annihilate into two jets of
particles, and we look at two hadrons belonging to opposite jets. At first sight it might appear impossible
to obtain spin effects in such a process: however, this is not the case [80]. As usual, in e+e− annihilation
processes, the production of hadrons goes via the subprocess e+e− → q q¯. The final q and q¯ are also
not polarised, that is they can have spin “up” or “down”, with respect to the scattering plane, with
the same probability (1/2); however there is a correlation between the spin of the quark and that of
the anti-quark. Not necessarily if the first is up, the second is down, or viceversa. To be precise, with
reference to the kinematical configuration of Fig. 9, one has:
dσe
+e−→ q↑q¯↑
d cos θ
=
dσe
+e−→ q↓q¯↓
d cos θ
=
3piα2
4s
e2q cos
2 θ
dσe
+e−→ q↑q¯↓
d cos θ
=
dσe
+e−→ q↓q¯↑
d cos θ
=
3piα2
4s
e2q · (15)
The hadronisation process q↑,↓ → hX, might have (and indeed has) a transverse spin dependence
which affects the angular distribution of the produced hadron; then, if one looks in each same event
e+e− → h1 h2X, at the correlation between the angular distributions of the two hadrons in the opposite
jets, one can learn about such a transverse spin dependence. Again, by rotational invariance, no spin
dependence would be possible in a collinear quark fragmentation process, which leads to the necessity
of introducing transverse motions also in the phenomenological description of a quark fragmentation.
The general form of the cross section for the process e+e− → h1 h2X, via e+e− annihilation into q q¯,
can be written in different ways, according to the reference frame used and the observables one looks
at. For example, using the reference frame and the kinematical variables of Fig. 10 one has [80, 81]:
dσe
+e−→h1h2X
dz1 dz2 d2P 1T d cos θ2
=
3piα2em
2s
{Dh1h2 +Nh1h2 cos(2φ1)} , (16)
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Figure 9: Center of mass scattering plane for the e+e− → q q¯ process; the spin polarisation vectors are
perpendicular to the plane.
where z1,2 are the light-cone momentum fractions of the hadrons h1,2 resulting from the fragmentation
of the quark and antiquark. They are essentially the quark and antiquark energy fractions taken away
by the hadrons.
The cross-section (16) has been measured by several experiments. The first measurement for pi+pi−
pairs was done by the Belle Collaboration [82, 83] and confirmed by BaBar [84]. BaBar also extended
the measurement to the transverse momentum dependence and included charged kaons [85]. While Belle
and BaBar measurements were done at a center-of-mass energy close to the mass of the Υ(4S), BES-III
did a similar measurement at lower cms energies [86]. Most recently, Belle published asymmetries of
back-to-back hadrons including pi0 and η’s [47].
In the next Section the form factors Dh1h2 and Nh1h2 will be interpreted in terms of Fragmentation
Functions, either collinear FFs or TMD-FFs. Eq. (16) will be used to relate experimental data to spin
dependent TMD-FFs.
The e+e− annihilation processes, with the observation of one or two final particles, are interesting
in many respects. In addition to the case discussed above, the process e+e− → (ha1 ha2) (hb1 hb2)X,
with back-to-back pairs of hadrons inside the same jet, can be used to get information on the polarized
di-hadron fragmentation function [87], as discussed in Section 3.4.
The measured transverse polarisation of Λs and other hyperons, as mentioned in Section 2.2, was
among the seminal data which prompted the study of transverse spin effects. These data was obtained
from unpolarised p p or pN inclusive processes, and a first attempted explanation was related to spin
effects in the fragmentation of an unpolarised quark, a TMD-FF, in the framework of the GPM [88],
with subsequent studies in SIDIS [89]. However, the usual reservations in using the GPM for a single
scale p p process, together with the scarcity or absence of data in other interactions, could not allow
definite conclusions and alternative explanations were presented [90].
Data on Λ polarisation in e+e− → Λ↑X, due to the simplicity of such a process, would offer an ideal
occasion to understand whether the hadronisation process of an unpolarised quark might build up a
transverse polarisation; first data, although still limited, are becoming available [91].
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7q1 =
(√
s
2
,
p⊥2
z2
cosϕ2,
p⊥2
z2
sinϕ2,
√
s
2
)
, (52)
P 1 =
(
P1T cosφ1, P1T sinφ1, z1
√
s
2
)
, (53)
p⊥1 =
(
P1T cosφ1 − z1
z2
p⊥2 cosϕ2 ,
P1T sinφ1 − z1
z2
p⊥2 sinϕ2, 0
)
. (54)
Moreover, the elementary process e+e− → q q¯ does not
occur in general in the xˆz plane, and thus the helic-
ity scattering amplitudes involve an azimuthal phase ϕ2.
One can still perform an exact calculation, using the gen-
eral approach discussed in Ref. [16]. A detailed descrip-
tion will be presented in a forthcoming paper [15]. We
give here only the results valid at O(p⊥/z√s). The ana-
logue of Eq. (34) now reads
dσe
+e−→h1h2X
dz1 dz2 d2p⊥1 d2p⊥2 d cos θ2
=
3πα2
2s
∑
q
e2q
{
(1 + cos2 θ2)Dh1/q(z1, p⊥1)Dh2/q¯(z2, p⊥2) (55)
+
1
4
sin2 θ2∆
NDh1/q↑(z1, p⊥1)∆
NDh2/q¯↑(z2, p⊥2) cos(2ϕ2 + φ
h1
q )
}
,
where φh1q is the azimuthal angle of the detected hadron
h1 around the direction of the parent fragmenting quark,
q. Technically, φh1q is the azimuthal angle of p⊥1 in the
helicity frame of q. It can be expressed in terms of the in-
tegration variables we are using, p⊥2 and P1T . At lowest
order in p⊥/(z
√
s) we have
cosφh1q =
P1T
p⊥1
cos(φ1 − ϕ2)− z1
z2
p⊥2
p⊥1
, (56)
sinφh1q =
P1T
p⊥1
sin(φ1 − ϕ2) . (57)
Integrating Eq. (55) over p⊥2 and P1T , but not over φ1,
and normalizing to the azimuthal averaged unpolarized
cross section (39), we obtain the analogue of Eq. (40),
A(z1, z2, θ2,φ1) = 1 +
1
π
z1 z2
z21 + z
2
2
sin2 θ2
1 + cos2 θ2
cos(2φ1)
×
∑
q e
2
q∆
NDh1/q↑(z1)∆
NDh2/q¯↑(z2)∑
q e
2
qDh1/q(z1)Dh2/q¯(z2)
,
(58)
in agreement with Ref. [24] taking into account the dif-
ferent notations, Eqs. (6) and (49).
Finally, Eq. (41) becomes in this configuration
R ≃ 1 + cos(2φ1)A0(z1, z2) , (59)
with
A0(z1, z2) =
1
π
z1 z2
z21 + z
2
2
⟨sin2 θ2⟩
⟨1 + cos2 θ2⟩ (PU − PL) , (60)
where PU and PL are the same as defined in Eqs. (47)
and (48).
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FIG. 3: Three dimensional kinematics of the e+e− → h1h2X
process. In this configuration the zˆ direction is identified by
the momentum of the final hadron h2, while h1 is emitted at
an azimuthal angle φ1 with respect to the lepton-h2 plane,
defined as the xˆz plane.
IV. TRANSVERSITY AND COLLINS
FUNCTIONS FROM A GLOBAL FIT
We can now pursue our strategy of gathering simulta-
neous information on the transversity distribution func-
tion ∆T q(x, k⊥) and the Collins fragmentation function
∆NDh/q↑(z, p⊥). To such a purpose we perform a global
best fit analysis of experimental data involving these
functions, namely the data from the SIDIS measurements
by the HERMES [8, 9] and COMPASS [10] Collabora-
tions, and the data from unpolarized e+e− → h1h2X
processes by the Belle Collaboration [7].
∆T q(x, k⊥) and ∆NDh/q↑(z, p⊥) are parameterized as
shown in Eqs. (13)–(17). Considering the scarcity of
data, in order to minimize the number of parameters, we
assume flavor independent values of α and β and, simi-
larly, we assume that γ and δ are the same for favored and
unfavored Collins fragmentation functions, Eqs. (45) and
(46); we then remain with a total number of 9 parame-
ters. Their values, as determined through our global best
Figure 10: Kinematical configuration and definition of variables for the process e+e− → 1 h2X. e+
and e− have opposite three-momenta, P 2 is the momentum of a jet or of a fast hadron in a jet, and P 1
is the momentum of a hadron belonging to the other jet.
3 Phenomenology of spin phenomena
We have discussed in the previous Section several examples of processes in which the simple – yet in
many cases successful – 1D description of a fast moving nucleon as an almost free set of co-linearly
moving quarks and gluons cannot explain the experimental data. We have argued that the reason for
this is just the excessive simplicity of the 1D model; the neglected transverse degrees of freedom might
play important roles, in particular, but not only, when such degrees of freedom are forced into existence
by considering transversely polarised nucleons. Transverse always refers to the direction of motion of
the nucleons.
Much progress has been achieved in the last one or two decades by extending the collinear factorisa-
tion theorem, which allows to describe hadronic cross sections as convolutions of elementary quark and
gluon interactions with collinear PDFs or FFs. The PDFs give the number densities of partons inside
a proton, while the FFs give the number densities of hadrons resulting in a parton hadronisation. The
PDFs depend on the longitudinal momentum fraction x of the proton carried by the parton and the
FFs on the fraction z of the parton momentum carried by the hadron; they both depend on the scale
Q2 of the process, and such a dependence can be computed in QCD (QCD evolution of PDFs and FFs).
The extension of the collinear factorisation theorem allows to describe cross sections again as convolu-
tions: of elementary interactions with Transverse Momentum Dependent Parton Distribution Functions
(TMD-PDFs) and Fragmentation Functions (TMD-FFs). This TMD factorisation has been studied in
a series of papers [57, 92, 93, 94, 95, 96, 97, 98, 54, 99] and proven to be valid for SIDIS, D-Y and
e+e− → h1 h2X processes; the situation is less clear for single and double inclusive hadronic processes,
pN → hX and pN → h1 h2X [42, 100].
Throughout the paper we mainly adopt the TMD facto isation scheme and consider the TMDs,
both TMD-PDFs and TMD-FFs, and their role in physical quantities at leading order. These TMDs
have a partonic interpretation and we focus on their phenomenological extraction from data, which
helps in trying to build a 3D imaging of the nucleon. In Section 4.3 we look at the possibility of a real
knowledge of the full 3D partonic structure of the nucleon, both in momentum and configuration space,
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Figure 11: Quark-quark correlator contributing to inclusive processes; the off-diagonal version, in which
the initial and final nucleon momenta are different, would contribute to amplitudes of exclusive pro-
cesses.
with the Wigner function. We do not discuss the details of the QCD evolution of the TMDs (TMD
evolution), which is studied at length in several papers [9, 101, 102, 103, 104]. The first phenomenological
applications [105, 106, 107, 108, 109] show that the TMD evolution will play an important role in future
experiments, but does not significantly affect the TMD phenomenology of the actual available data.
3.1 Transverse Momentum Dependent Parton Distributions (TMD-PDFs) and Frag-
mentation Functions (TMD-FFs)
3.1.1 Quark TMD-PDFs
The quark TMD-PDFs contribute to cross sections of inclusive processes in which one quark interacts
with an external probe, like a point-like lepton or another parton; one can think of the quark as
“extracted” from the parent nucleon, which breaks up into unobserved particles. This is typically
represented by the quark-quark correlator (handbag diagram) of Fig. 11, which in Dirac space is given
by [1]:
Φij(k;P, S) =
1
(2pi)4
∑
X
∫
d3PX
(2pi)3 2EX
(2pi4) δ4(P − k − PX) 〈PS|Ψj(0)|X〉〈X|Ψi(0)|PS〉
=
1
(2pi)4
∫
d4ξ eik·ξ 〈PS|Ψj(0)Ψi(ξ)|PS〉 . (17)
In the collinear case, in which, apart from mass corrections, the quark momentum is just a fraction x
of the nucleon momentum, the most general dependence of the correlator on x can be written as:
Φ(x, S) =
1
2
[
f1(x) /n+ + SL g1L(x) γ
5 /n+ + h1T (x) iσµν γ
5 nµ+ S
ν
T
]
. (18)
In the above equations P and S are respectively the four-momentum and the covariant spin vector
of the nucleon, which can be longitudinally (SL) or transversely (ST ) polarised. n+ is a convenient light-
like four-vector which, up to mass terms, is along the nucleon momentum. For completeness one should
insert into the definition of the correlator, Eq. (17), a Wilson line, or gauge link, which guarantees the
color gauge invariance of the correlator (see, for example, Refs. [12, 110]).
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Figure 12: Usual graphical representation of the TMD-PDFs of quarks with spin vector sq and transverse
intrinsic momentum k⊥ inside a proton with momentum P and spin vector S.
In Eq. (18), for each quark flavour, f1(x) is the unpolarised PDF, g1L(x) is the helicity distribution
and h1T (x) the transversity distribution. These definitions conventionally refer to protons. These
quantities sometimes appear in the literature with different names:
f1(x) ≡ q(x) g1L(x) ≡ ∆q(x) h1T (x) ≡ h1(x) ≡ ∆T q(x) ≡ δq(x) . (19)
When letting the quark have an intrinsic motion k⊥ inside the proton Eq. (18) gets more terms
which vanish in the limit k⊥ → 0 [111, 112, 12, 59]:
Φ(x,k⊥, S) =
1
2
[
f1 /n+ + f
⊥
1T
µνρσγ
µnν+k
ρ
⊥S
σ
T
M
+
(
SL g1L +
k⊥ · ST
M
g⊥1T
)
γ5 /n+
+ h1T iσµν γ
5 nµ+ S
ν
T +
(
SL h
⊥
1L +
k⊥ · ST
M
h⊥1T
)
iσµν γ
5 nµ+ k
ν
⊥
M
+ h⊥1
σµνk
µ
⊥n
ν
+
M
]
. (20)
Eq. (20) gives the most general expression of the quark-quark correlator at leading twist (twist-
2); it contains 8 independent functions, which are usually referred to as the 8 leading twist quark
TMD-PDFs. The notations in which they are written require some comments: f , g and h indicate
respectively unpolarised, longitudinally polarised and transversely polarised quarks; the subscript 1
refers to the fact that they are leading twist TMDs; the subscripts L and T show the polarisation,
longitudinal or transverse, of the proton (no subscript stays for unpolarised nucleons); the superscript
⊥ appears for TMDs which do not contribute to the correlator in the collinear limit2. One could also
add at each TMD a superscript q to identify the quark flavour. M is a mass parameter taken as the
proton mass.
Eq. (20) is the usual formal definition of the quark-quark correlator. However, it is interesting to look
at the TMDs in a simple and intuitive way, which clarifies their physical meaning and emphasises their
partonic interpretation. It is custumary to represent the PDFs and the TMDs as splitting processes in
which a proton breaks up into a quark + remnants (X), like in Fig. 12.
We can ask how many independent combinations of the vectors (p,k⊥) and pseudo-vectors (S, sq)
can make up, as required by QCD parity invariance, a scalar quantity, which can then appear as an
2Notice, however, that in the original literature [112] the function g⊥1T does not have the superscript ⊥, as the function
itself might not vanish in the limit k⊥ → 0.
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independent term in the correlator. The answer can be written, in momentum space, as [113]:
Φ˜(x, Pˆ , kˆ⊥,S, sq) =
1
2
{
fq/p(x, k⊥)
+ ∆Nfq↑/p(x, k⊥) (Pˆ × kˆ⊥) · sq +
1
2
∆Nfq/p↑(x, k⊥) (Pˆ × kˆ⊥) · S
+ ∆−f qsy/ST (x, k⊥)
[
S · sq − (Pˆ · S)(Pˆ · sq)− (kˆ⊥ · S)(kˆ⊥ · sq)
]
+ ∆f qsz/SL(x, k⊥)(Pˆ · S)(Pˆ · sq) + ∆f
q
sx/SL
(x, k⊥)(P · S)(kˆ⊥ · sq)
+ ∆f qsz/ST (x, k⊥)(kˆ⊥ · S)(Pˆ · sq) + ∆f
q
sx/ST
(x, k⊥)(kˆ⊥ · S)(kˆ⊥ · sq)
}
(21)
and indeed contains 8 independent terms. These are written adopting the notation of Ref. [16]; it has
the advantage that the different functions are indeed polarised quark TMD-PDFs or differences between
two of them with some opposite spin direction. The exact relation between the notations of Eqs. (20)
and (21) is given in Eqs. (22)-(25) and (36), (37) of Ref. [16].
As we said, Eq. (21) can be read directly in terms of TMD-PDFs. If one averages over the proton
spin S and sums over the emitted quark spin sq one obtains:
1
2
∑
S,sq
Φ˜(x, Pˆ , kˆ⊥,S, sq) = fq/p(x, k⊥) (22)
which is the unpolarised TMD-PDF of quark q. Similarly, summing over sq only, one has the Sivers
distribution [34, 114] of unpolarised quarks inside a polarised proton:∑
sq
Φ˜(x, Pˆ , kˆ⊥,S, sq) = fq/p(x, k⊥) +
1
2
∆Nfq/p↑(x, k⊥) (Pˆ × kˆ⊥) · S ≡ fq/p↑(x,k⊥) . (23)
Notice that, due to the scalar mixed product (Pˆ × kˆ⊥) ·S, only directions of S transverse to the proton
momentum P contribute.
Averaging over the proton spin S one has the Boer-Mulders distribution [59] of polarised quarks
inside an unpolarised proton,
1
2
∑
S
Φ˜(x, Pˆ , kˆ⊥,S, sq) =
1
2
fq/p(x, k⊥) +
1
2
∆Nfq↑/p(x, k⊥) (Pˆ × kˆ⊥) · sq ≡ fq↑/p(x,k⊥) . (24)
The other single terms in Eq. (21) can be seen as differences of polarised quark distributions inside
polarised protons. Notice that the proton is taken to move along the longitudinal Zˆ-direction, SL = SZ ,
while the quark xˆ, yˆ and zˆ-axes are defined in the quark helicity rest frame [16].
Let us summarise the meaning and different notations adopted for the 8 twist-2 TMDs; in each of
them one can think of the quark as carrying a momentum pq = xP + k⊥.
• The TMD-PDFs for unpolarised quarks of flavour q inside an unpolarised proton are usually
written as
f q1 (x, k⊥) ≡ fq/p(x, k⊥) ≡ q(x, k⊥) (25)
• The Sivers distribution of unpolarised quarks inside a transversely polarised proton is given in
Eq. (23). The function
∆Nfq/p↑(x, k⊥) ≡ −
2k⊥
M
f⊥q1T (x, k⊥) (26)
is the Sivers function. Notice that, often, f⊥1T alone is referred to as the Sivers function.
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• The Boer-Mulders distribution of polarised quarks inside an unpolarised proton is given in Eq. (24).
The function
∆Nfq↑/p(x, k⊥) ≡ −
k⊥
M
h⊥q1 (x, k⊥) (27)
is the Boer-Mulders function. Notice that, often, h⊥1 alone is referred to as the Boer-Mulders
function.
• The TMD helicity distribution, that is the difference between the distributions of quarks with
positive and negative helicities, inside a positive helicity proton is given by:
∆f qsz/SL(x, k⊥) ≡ ∆q(x, k⊥) ≡ g
q
1L(x, k⊥) (28)
• The TMD transversity distribution, that is the difference between the distributions of quarks with
opposite transverse spin, inside a proton with transverse spin is given by [16]:
1
2
(
∆−f qsy/ST (x, k⊥) + ∆f
q
sx/ST
(x, k⊥)
)
= hq1T (x, k⊥) +
k2⊥
2M2
h⊥q1T (x, k⊥) ≡ hq1(x, k⊥) (29)
• The remaining three distributions in Eq. (21) refer to differences of polarised TMDs with opposite
quark polarisations inside a polarised proton, as indicated by the indexes:
∆f qsx/SL(x, k⊥) ≡
k⊥
M
h⊥q1L(x, k⊥) ∆f
q
sz/ST
(x, k⊥) ≡ k⊥
M
g⊥q1T (x, k⊥) (30)
∆f qsx/ST (x, k⊥) ≡ h
q
1(x, k⊥) +
k2⊥
2M2
h⊥q1T (x, k⊥) . (31)
h⊥1T is also denoted “pretzelosity”, due to the typical shapes it produces in the proton rest
frame [115, 116], while h⊥1L and g
⊥
1T are denoted “worm-gear” TMDs [117], as they relate quark
and proton polarisations which are (almost) orthogonal.
In the collinear limit only the unpolarised, the helicity and the transversity TMDs do not vanish.
Upon integration over d2k⊥ they give the usual collinear PDFs:∫
d2k⊥ fq/p(x, k⊥) = fq/p(x) ≡ q(x) ≡ f q1 (x) (32)∫
d2k⊥∆f
q
sz/SL
(x, k⊥) = ∆q(x) ≡ g1L(x) (33)∫
d2k⊥ h
q
1(x, k⊥) = ∆T q(x) ≡ h1(x) . (34)
3.1.2 Gluon TMD-PDFs
We have so far only considered quarks TMDs, but similar quantities can be defined also for gluons [118,
119]. Again, there are 8 leading-twist TMDs, despite the fact that no transverse polarisation can exist
for massless particles; its role is somewhat replaced by linear polarisation. We simply list here the gluon
TMDs which have received more attention lately, pointing out several useful references, without any
further discussion.
• The TMD-PDF for unpolarised gluons inside an unpolarised proton is usually written as
f g1 (x, k⊥) ≡ fg/p(x, k⊥) ≡ g(x, k⊥) . (35)
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• Analogously to the quark Sivers distribution one has the gluon Sivers distribution,
∆Nfg/p↑(x, k⊥) ≡ −
2k⊥
M
f⊥g1T (x, k⊥) . (36)
A review paper on the status and future prospects of the gluon Sivers function can be found in
Ref. [120].
• The quantity denoted by h⊥g1 (x, k⊥) is somewhat the analogous of the Boer-Mulders distribution
h⊥q1 : it is related to the distribution of linearly polarised gluons inside an unpolarised proton and
it can lead to several azimuthal asymmetries in heavy quark pair production in unpolarised e p
and p p collisions [121, 122, 123, 124], and to typical transverse momentum distributions of Higgs
bosons at LHC [125, 126, 127].
• The gluon TMD helicity distribution is similar to the quark TMD helicity distribution:
∆f gsz/SL(x, k⊥) ≡ ∆g(x, k⊥) . (37)
Its integrated collinear version ∆g(x), plays an important role in several processes with longitu-
dinal polarisation, which are not considered here.
3.1.3 TMD-FFs
Analogously to the distributions of quarks and gluons in a nucleon, also the fragmentation process of
a parton into hadrons is not, in general, a collinear event; in many cases the transverse degrees of
freedom can be safely integrated, leading to a 1-dimensional fragmentation function, usually denoted
as Dq1(z,Q
2) or Dh/q(z,Q
2), which only depends, apart from the scale of the process, on the light-cone
momentum fraction of the fragmenting quark taken away by the hadron.
Introducing the transverse momentum p⊥ of the final hadron within the jet created in the quark
hadronisation process, allows new transverse degrees of freedom. We consider the simple case of a
final spinless or unpolarised hadron and refer to Fig. 13 as a guide for the TMD-FFs, like we did
in Eq. (21). In this case we have less (pseudo)-vectors at our disposal and the most general, parity
invariant expression for the TMD-FF can be written as:
Dh/q,sq(z,p⊥; sq) = Dh/q(z, p⊥) +
1
2
∆NDh/q↑(z, p⊥) sq · (pˆq × pˆ⊥) (38)
= Dh/q(z, p⊥) +
p⊥
zMh
H⊥q1 sq · (pˆq × pˆ⊥) . (39)
Eqs. (38) and (39) show, in two different notations [16, 12], the Collins distribution [93], which correlates
the transverse spin of the fragmenting quark with the final hadron transverse momentum in the jet.
The quantities ∆NDh/q↑ or, often, H
⊥q
1 are referred to as the Collins function (38) [16]. A recent and
most comprehensive review paper on parton FFs can be found in Ref. [87].
In the case of the fragmentation of a quark into a spin 1/2 hadron, one has, similarly to the 8
TMD-PDFs, 8 independent TMD-FFs (see Ref. [87] and references therein). We only mention here the
so-called “polarising fragmentation function”, describing the fragmentation of an unpolarised quark into
a polarised spin 1/2 hadron, with spin Sh. Analogously to the Collins distribution and two different
notations [88, 12], it is defined as
D
h,Sh/q(z,p⊥;Sh) =
1
2
Dh/q(z, p⊥) +
1
2
∆NDh↑/q(z, p⊥)Sh · (pˆq × pˆ⊥) (40)
=
1
2
Dh/q(z, p⊥) +
p⊥
zMh
D
⊥h/q
1T Sh · (pˆq × pˆ⊥) . (41)
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Figure 13: Usual graphical representation of the TMD-FF for a quark with spin vector sq which
fragments into a hadron h with transverse momentum p⊥ inside the jet, ph = z pq + p⊥.
The polarising fragmentation function ∆NDh↑/q, or D
⊥h/q
1T , might be responsible for the polarisation
of the Λs observed in the interactions of unpolarised nucleons [88]. As briefly discussed in Section 3.4,
it could be accessed in e+e− → Λ↑X processes.
3.2 How to interpret spin data in SIDIS
In the previous Sections we have presented clear experimental evidence showing the necessity of consider-
ing, for the QCD partonic structure of nucleons in high energy inclusive processes, the full 3-dimensional
motion of quarks and gluons. We do not address here the issue of the partonic distribution in coordi-
nate space, which can be explored in exclusive processes [128]. We have introduced the TMD formalism
appropriate to investigate and codify the 3D nucleon internal momentum structure. It is worth men-
tioning that the first parton model ideas date back exactly to 50 years ago [129], and, since then, despite
many QCD successes and tests, not much progress has been achieved in understanding the proton and
neutron inner composition.
SIDIS processes are the main source of information on the nucleon structure in momentum space.
The SIDIS cross section has, at leading one photon exchange order, a well defined and rich expression,
Eq. (1). Thanks to the TMD factorisation scheme, in the energy region in which PT ' k⊥ 
√
Q2 [130],
the form factors in Eq. (1) can be written as convolutions of TMD-PDFs and TMD-FFs. Then, by
comparing Eq. (1), in which the TMDs have been inserted, with experimental data, one learns about
the TMDs. Actually, it is very useful to consider the azimuthal moments of the spin asymmetries given
in Eq. (3), which isolate a single form factor at a time, like in Eqs. (4) and (5). The full expressions of
the form factors FUU and FUT as TMD convolutions can be found in Refs. [15, 16]. Notice, that three of
the form factors of Eq. (1), that is F cosφhUU , F
sinφS
UT and F
sin(2φh−φS)
UU , are of O(k⊥/Q). Also, as we are only
considering nucleons transversely polarised (SL = 0, ST = 1) and unpolarised leptons, the TMDs g1L,
g⊥1T and h
⊥
1L do not contribute to Eq. (1); they contribute to SIDIS cross sections with longitudinally
polarised leptons and/or nucleons.
We concentrate here on the TMD interpretation of the form factors in Eq. (1) which have been
clearly found not to be negligible and have large experimental support: they correspond to the unpo-
larised quark TMD, the Sivers function, the Collins function and the transversity distribution. Limited
experimental information is also available for the Boer-Mulders function. Actually, some experimental
data exist for all the other structure functions and TMDs [131, 132], but most of them are very small
and compatible with zero.
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At O(k⊥/Q), the unpolarised cross section from Eq. (1) is given by [15, 16]:
dσ`+p→`
′hX
dx
B
dQ2 dzh dP 2T
=
2pi2α2
Q4
[
1 + (1− y)2] FUU
=
2pi2α2
Q4
[
1 + (1− y)2]
×
∑
q
e2q
∫
d2k⊥ d2p⊥ δ
(2)
(
P T − zhk⊥ − p⊥
)
fq/p(x, k⊥)Dh/q(z, p⊥) (42)
where x
B
= x, zh = z and p⊥ = P T − zk⊥.
Notice that this expression can be derived from the TMD parton model expression [133]:
dσ`+p→`
′hX
dx
B
dQ2 dzh d2P T
=
∑
q
∫
d2k⊥ fq/p(x, k⊥)
dσˆ`q→`q
dQ2
Dh/q(z, p⊥) , (43)
which shows the explicit convolution of the TMD-PDFs, the TMD-FFs and the cross section for the
elementary process:
dσˆ`q→`q
dQ2
= e2q
2piα2
Q4
[
1 + (1− y)2]+O(k⊥/Q) . (44)
The terms of O(k⊥/Q) give a dependence on φh to Eq. (43) [133, 16], which vanishes in Eq. (42), which
is integrated over φh. Eq. (42) will be used to relate data on hadron multiplicities in unpolarised SIDIS
with the unpolarised TMD-PDFs, fq/p(x, k⊥), and TMD-FFs, Dh/q(z, p⊥).
The Sivers effect, that is the correlation between the proton spin and the parton transverse momen-
tum, is hidden in the F
sin(φh−φS)
UT term of Eq. (1). One could use the sin(φh − φS) azimuthal moment of
Eq. (4), together with the expression of F
sin(φh−φS)
UT in [15, 16] to relate the Sivers function with data.
Or, one can simply use the analogous of Eq. (43) in case of a transversely polarised proton [133]:
dσ`+p
↑→` hX
dx
B
dQ2 dzh d2P T dφS
=
1
2pi
∑
q
∫
d2k⊥ fq/p↑(x,k⊥)
dσˆ`q→`q
dQ2
Dh/q(z, p⊥) , (45)
inserting the Sivers distribution fq/p↑(x,k⊥) given in Eq. (23). Then, from Eq. (3), one has:
A
sin(φh−φS)
UT =
∑
q
∫
dφS dφh d
2k⊥∆Nfq/p↑(x, k⊥) (Pˆ × kˆ⊥) · S
dσˆ`q→`q
dQ2
Dhq (z, p⊥) sin(φh − φS)
∑
q
∫
dφS dφh d
2k⊥ fq/p(x, k⊥)
dσˆ`q→`q
dQ2
Dhq (z, p⊥)
· (46)
The momentum dependence (Pˆ × kˆ⊥) · S of the Sivers distribution (23) gives a factor sin(ϕ − φS),
where ϕ is the azimuthal angle of k⊥. It is this factor which generates, when integrating (dσ↑ − dσ↓)
over d2k⊥, the typical sin(φh − φS) dependence of the Sivers effect. Eq. (46), which could be further
simplified, relates data on A
sin(φh−φS)
UT to a convolution of the Sivers function ∆
Nfq/p↑(x, k⊥) with the
unpolarised TMD-PDF. It will be used for extracting information on ∆Nfq/p↑(x, k⊥).
In a similar way, one can extract from Eq. (1) and the azimuthal moment (5) information on the
structure function F
sin(φh+φS)
UT which depends on the Collins function [15, 16]. Equivalently, one can
follow the approach of Refs. [16, 134] which start by writing the SIDIS cross section in terms of helicity
amplitudes, keeping into account all phase factors which appear in the different stages of the process.
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From Eqs. (3) one obtains [16, 134]:
A
sin(φh+φS)
UT =
∑
q
e2q
∫
dφh dφS d
2k⊥∆T q(x, k⊥)
d(∆σˆ)
dQ2
∆NDh/q↑(z, p⊥) sin(φS + ϕ+ φ
h
q ) sin(φh + φS)∑
q
e2q
∫
dφh dφS d
2k⊥ fq/p(x, k⊥)
dσˆ
dQ2
Dh/q(z, p⊥)
,
(47)
where
d(∆σˆ)
dQ2
≡ dσˆ
`q↑→`q↑
dQ2
− dσˆ
`q↑→`q↓
dQ2
=
4piα2
Q4
(1− y) (48)
is the transverse spin transfer in the elementary interaction.
Eq. (47) describes the asymmetry in a process in which a transversely polarised quark inside a
transversely polarised protons scatters off an unpolarised lepton and then, with the remaining transverse
polarisation, fragments into the final observed hadron h. In the TMD factorisation scheme it is a
convolution of the TMD transversity with the spin transfer in the elementary interaction and the
Collins TMD-FF. The azimuthal dependence sin(φS + ϕ + φ
h
q ) is a subtle effect which arises from the
combination of phase factors in the transversity distribution function, the elementary interaction and
the Collins distribution (38); φhq can be written in terms of φh and ϕ [16].
Eq. (47) relates the measured asymmetry A
sin(φh+φS)
UT to a convolution of the transversity distribution
and the Collins fragmentation; it has allowed the first ever extraction of the transversity distribution
∆T q(x) = h
q
1(x) [134], which is not accessible in DIS, due to its chiral odd nature. Independent
information on the Collins function can be obtained in e+e− → h1 h2X processes.
Eqs. (42), (46) and (47) allow to get information on the unpolarised, the Sivers and the transversity
TMDs. They are coupled to unpolarised TMD-FFs or to the Collins TMD-FF. Independent information
on these quantities can be obtained from e+e− annihilation processes.
Similar relations to SIDIS observables can be found for the other TMDs [15, 16]; in particular the
Boer-Mulders function, which contributes to F cos 2φhUU , has been studied [135, 136] and some data are
available [137, 138, 139, 140, 141]. We do not discuss here these TMDs; in Sections 3.5, 4.1, 4.2 and 4.3
we look in more details at our actual knowledge of the Collins, the unpolarised, the Sivers and the
transversity TMDs, emphasising what we learn from them about the nucleon structure.
3.3 How to interpret spin data in hard N N collisions
As anticipated in Sec 2.2, hadronic collisions are more challenging to interpret in the TMD framework
than the SIDIS process. Single scale processes, like the TSSA AN or the inclusive production of polarised
Λ’s in unpolarised p p scattering, can be described in a collinear framework. The mechanisms generating
TSSA’s in a collinear framework only enter at sub-leading twist, i.e. twist-3. To get further insights
into this statements, it is valuable to consider the necessary ingredients for the existence of transverse
spin effects.
In particular TSSAs require one helicity-flip amplitude and a phase shift between two amplitudes
in order not to vanish. This is because TSSAs are related to matrix elements that are off-diagonal in
the helicity basis due to decompositions of the kind:
|↑〉 / |↓〉 = (|+〉 ± |−〉) /
√
2⇒ |↑〉 〈↑| − |↓〉 〈↓| = |+〉 〈−|+ |−〉 〈+| . (49)
Therefore, non-zero TSSAs require a non-vanishing helicity-flip amplitude. It was realised early on
that such helicity-flip amplitudes are suppressed, in QCD or QED high energy scatterings, by factors
mq/
√
Q2. This leads to the well-known suggestion of the measurement of TSSAs as a test of QCD by
Kane, Pumplin and Repko [32]. Furthermore, TSSAs are so-called naive T-odd observables, since they
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are T-odd if one does not consider the full final state, which is the case in semi-inclusive measurements.
Only the imaginary part of the matrix element can contribute to T-odd effects. Since this needs
the interference of amplitudes with a relative phase shift, another crucial ingredient to TSSAs are
initial or final state interactions introducing such a shift. These interactions introduce a factor of
αs, which is another reason to look for interactions in the non-perturbative regime for the sources of
these asymmetries. It also shows that the TSSAs probe QCD at the amplitude level. At twist-3, the
interference term can be generated by handbag diagrams, where an additional parton is exchanged on
one side. For the initial state, an example of this is shown in Fig. 14 which is discussed in the next
Section along with the respective twist-3 correlator. In the case of the TMD picture, model calculations
show that at a microscopic level, initial and final state interactions, in Drell-Yan and SIDIS processes
respectively, indeed provide the necessary phase shift [142, 143, 144, 145].
Intuitively, one can also expect the twist-3 framework and the TMD framework to be related since
an integration over the intrinsic transverse momenta in the TMD framework should contribute to the
asymmetries described in the twist-3 framework. And indeed, those exist in general via the Wandzura-
Wilczek relations [35] as well as more specific relations in the case of the Sivers function and the Collins
asymmetries, as will be discussed later in this section. The di-hadron TSSAs described here, are an
exception, in that they can be described in a leading twist collinear framework. They are not sensitive
to TMDs but to the collinear transversity h1(x) coupling to a collinear FF. In this case, the additional
degrees of freedom in the di-hadron final state plays a similar role as the polarisation degrees of freedom
in semi-inclusive polarised hadron production, where the polarisation is measured with respect to the
production plane and the necessary interference term comes from the amplitudes in which hadron pairs
are produced with different relative angular momentum.
In N N processes with a large and a small scale, the TMD factorisation picture can be appropriate.
However, an important difference to the SIDIS process is that hard hadronic collisions have two color
charges in the initial state. If the final state also contains a color charge, i.e. in the production of
hadrons, TMD factorisation becomes more problematic, leading to modified universality [42, 100] due to
a phenomenon sometimes called “color entanglement”. However, for the “hadron-in-jet” measurements
discussed here, recent theoretical progress indicates that the TMD framework is applicable [146]. On the
other side of the spectrum, Drell-Yan and W/Z production can be seen as the crossed-channel analogue
of the SIDIS process and can thus naturally be interpreted in the TMD framework. The difference in
color flow is still present; however, the universality modification can be calculated and reduces to a sign
flip of the observable.
Another complication in the interpretation of hadronic scattering observables should be mentioned.
The initial partonic kinematics are not directly accessible, which means that observables are inherently
convolutions over the initial kinematics. In the case of final state fragmentation, three non-perturbative
functions are entering the cross-section. Since gluons enter the cross-section at leading order in hadronic
collisions, the cross-sections can also contain convolutions over gluon PDFs and FFs which are less well
known than their quark counterparts, injecting additional uncertainties. Keeping these points in mind,
below the interpretation of the observables introduced in Sec 2.2 will be discussed.
3.3.1 Asymmetries in p↑N → hX processes
The first attempts of explaining the large observed TSSAs in p↑N → hX were based on twist-3 matrix
elements of the quark and gluon fields of the initial state by Efremov and Teryaev [147] and Qiu and
Sterman [148, 149]. These twist-3 matrix elements encode three-parton correlations, e.g. quark-gluon-
quark correlations represented by the handbag diagram shown in Fig. 14. In these handbag diagrams,
an additional leg connects the outgoing quark to the blob representing the unobserved hadronic final
state, X. Relevant here is the case when this leg is a gluon. The half of the handbag diagram with the
extra leg therefore represents an amplitude with a final state interaction of the outgoing quark with X,
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Figure 14: Quark-gluon-quark correlator contributing to inclusive processes at twist-3. The upper
blob symbolizes the fragmentation process.
which is related to model calculations of TMDs [142]. Such an object would be expected to depend on
the momentum fractions carried both by the gluon and by the quark; however, it turns out that the
TSSAs receive their dominant contribution from the region in which the gluon is very soft. Therefore the
gluon does not transmit momentum, but merely leads to the needed phase shift. These matrix elements
are therefore known as the soft-gluon pole (SGP), or Efremov-Teryaev-Qiu-Sterman (ETQS) matrix
elements TF (x, x). In general, twist-3 correlations are dependent on two partonic momentum fractions,
but due to the softness of the exchanged gluon momentum, they can be taken as equal. The phase shift
imparted by the gluon bears resemblance to the model calculations for the Sivers effect of Ref. [142] and
therefore it might not be surprising that TF can be related to the Sivers function [144, 97, 96, 150] in the
kinematic region where both formalism are valid, i.e. at intermediate pT , ΛQCD < pT < Q, according
to the relation:
g TF (x, x) = −
∫
d2k⊥
k⊥
M
f⊥1T (x, k⊥) . (50)
Once the Sivers function was extracted with sufficient precision from SIDIS data, it also became
clear that the ETQS matrix elements were not the dominant mechanism behind the large TSSAs of
hadrons [151]. There was even a “sign mismatch” between the values of TF (x, x) requested by the
AN data and the values obtained by inserting the Sivers function into Eq. (50) [152]. It should be
mentioned, that SGPs can also come from ggg correlations [153] and that another pole contribution in
the initial state, the soft-fermionic pole (SFP), was considered as well [154], but both, the ggg and the
SFP contributions, also proved to be insufficient to explain the magnitude of AN [153, 155, 156]. Other
sizeable contributions might be expected from TMD effects in the fragmentation process. However,
when fragmentation contributions do not play a role, such as in the production of prompt photons
discussed in Sec. 3.3.2, the ETQS mechanism should be dominating and can shed light on the Sivers
function in hadronic interactions.
An early attempt to include both initial state contributions as well as fragmentation contributions
was performed in the framework of the so-called Generalized Parton Model (GPM) [119, 157] which is
essentially an extension of the SIDIS TMD framework to various observables in p p. A review on the
interpretation of hadronic interactions in the GPM can be found in Refs. [157, 158] and a study of the
contribution of Collins and Sivers TMDs to AN in such a scheme can be found in Refs. [159, 160].
A modified version of the GPM, which takes into account colour factors due to initial and final
state interaction, is the so-called colour gauge invariant (CGI) GPM [161, 162], which leads to non
universality of the TMDs. This modified universality, e.g. of the Sivers function, was implemented
via the respective color factors in Ref. [162]. However, by construction this model misses other twist-3
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contributions to AN which do not have a leading twist TMD counterpart. Additionally, factorisation is
only assumed.
The first calculation of the fragmentation contribution at twist-3 was performed in Ref [163]. As
other twist-3 functions, they can generally be decomposed into so-called intrinsic, kinematical and
dynamical parts. However, these parts are not independent from each other, so that the transverse
spin dependent cross-section can be written in terms of H
⊥(1))
1 and H˜. Here H
⊥(1))
1 is the kinematical
contribution, which can be written in terms of the kT integrated Collins FF. The dynamical contribution
H˜ describes quark-gluon-quark correlations. In terms of these functions, as well as the ETQS function
TF describing the initial state spin-dependent dynamics at twist-3, the transverse polarisation dependent
cross section can be expressed as [36]:
d∆σpp→piX(ST ) =
2|P hT |αs
S
(51)∑
i,a,b,c
∫ 1
zmin
dz
z3
∫
xmin
dx
x
1
x′
1
xS + U/z
f b1(x
′)
[
Mh h
a
1(x)Hpi/c,i(x, x′z) +
M
uˆ
Fa,i(x, x′, z)Dpi,c1 (z)
]
.
Here ∆σ(ST ) = σ(ST ) − σ(−ST ) and P hT is chosen along the x−axis whereas ST is chosen along
the y−axis so that ∆σ is related to the observable AN = ∆σ/(dσ(ST ) + dσ(−ST )). The indices a, b, c
run over the partons participating in the hard scattering. Parton a is taken from the polarised proton
and parton b from the unpolarised one, with parton c fragmenting into the observed pion. The index
i runs over the different hard scattering processes. The elementary parton cross sections, which are
dependent on the partonic Mandelstam variables sˆ = x x′S, tˆ = xT/z, uˆ = x′ U/z with S = (P + P ′)2,
T = (P − Ph)2, U = (P ′ − Ph)2, are encapsulated in the “hard factors” F = {H,H⊥1 , TF}, SiF and S˜iF .
They are explicitly given in Ref. [36]. Here P, P ′ are the initial four-momenta of the protons involved
in the scattering and Ph the four-momentum of the outgoing hadron. The lower integration limits are
xmin = −(U/Z)(T/Z + S) and zmin = −(T + U)/S. The momentum fraction x′ of the unpolarized
parton b is related to a given momentum fraction x of parton a by x′ = −(xT/z)/(xS + U/z). The
functions F andH describe the spin-dependent, non-perturbative dynamics of the initial and final state,
respectively
Fa(x, x′, z) = pi
[
T aF (x, x)− x
dT aF (x, x)
dx
]
SiTF (52)
and
H(x, x′, z) =
[
H
⊥(1)
1 (z)− z
dH
⊥(1)
1 (z)
dz
]
S˜iH⊥1
+
[
−2H⊥(1)1 (z) +
1
z
H˜(z)
]
S˜iH . (53)
The functions have been calculated using a Wandzura-Wilczek approximation [36] and, with input
for H⊥(1) and h1 using a recent global fit [107], numerical estimates for AN have been obtained. Figure 15
shows these estimates compared with some AN data from RHIC. Note that these curves are not fits, but
estimates based on previous extractions of transversity and the Collins FF. As is shown in the figure,
the leading uncertainty originates from the uncertainty on h1 which is probed in a kinematic regime at
high x that is not well constrained yet from existing data. Conversely, this illustrates the opportunity
to constrain transversity from existing AN data from RHIC.
3.3.2 Asymmetries in γ∗, W/Z, γ production
Similar to the expansion of the structure functions in the SIDIS case, e.g. for FUU given in Eqs. (42),
the structure functions for Drell-Yan and W production given in Eqs. (8), (9) and (12) can be expanded
at O(k⊥/Q2) in terms of TMDs. The main difference to the SIDIS case is that the terms entering this
expansion are now convolutions of the TMDs describing the parton distributions in the two interacting
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Figure 15: Calculations of AN for pi
0 at
√
s = 200 GeV compared with STAR data (left) and for charged
pions compared with Brahms data (right) [36]. The calculations show quite a good agreement with the
data. The main source of uncertainty comes from the poor knowledge of h1 and H
⊥
1 in the kinematic
regime probed. Figure from Ref. [36].
protons, while in the SIDIS case those are convolutions of PDFs and FFs. This reflects the fact that
D-Y and W -production are s-channel processes, while SIDIS is a t−channel process. The difference in
color flow between them, coloured states in the initial vs. final state, leads to the predicted modified
universality of TMD functions measured in D-Y or W -production compared to SIDIS, most notably
the sign change of the Sivers function [41, 142, 143], Eq. (82).
The notation used here will not distinguish between the TMDs measured in D-Y/W and SIDIS.
Focusing first on the experimentally relevant transverse single spin asymmetry in the case where the
angular distribution of the final state leptons is integrated out, the structure function F
sin(φV −φS)
UT can
be written, in the aforementioned approximation, as:
F
sin(φV −φS)
UT = C
[
f1 f
⊥
1T
]
(DY) (54)
and
F
sin(φV −φS)
UT = CW 2
[
f1 f
⊥
1T
]
(W-production). (55)
Here the Sivers function of the polarized hadron A in the reaction is probed and the azimuthal angles
are defined in Sec. 2.2.2. The convolution over transverse momenta, again analogous to the SIDIS
expression in (42), is given by
C[w(ka,⊥,kb,⊥) f1 f¯2] =
1
3
∑
q
e2q
∫
d2ka,⊥ d2kb,⊥ δ(2)(q⊥ − ka,⊥ − kb,⊥)w(ka,⊥,kb,⊥)
[
f q1 (xa,ka,⊥) f
q¯
2 (xb,kb,⊥) + q ↔ q¯
]
, (56)
where q is the momentum of the virtual photon. The weight function w is introduced for completeness
and later use; in the case of the SSA that is sensitive to the Sivers function it is unity. For W production
the convolution integral has to be modified to respect the coupling of the weak force. It reads:
CW [w(ka,⊥,kb,⊥) f1 f¯2] =
1
3
|Vqq′ |
∑
q,q′
∫
d2ka,⊥d2 kb,⊥ δ(2)(q⊥ − ka,⊥ − kb,⊥)w(ka,⊥,kb,⊥)
[
f q1 (xa,ka,⊥) f
q¯′
2 (xb,kb,⊥) + q ↔ q¯′
]
,
(57)
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where Vqq′ is the relevant entry in the CKM matrix. Also note that the sum now runs over all flavour
combinations. Z production is not considered here, but the corresponding expression can be found in
Ref. [39]. Eq. (55) acquires a factor of two compared to (54) due to the different coupling constants of
the weak force.
As discussed in Sec. 2.2.2, further information about TMDs can be gained from the dependence of
the unpolarised structure function on the decay angles of the leptons in the D-Y process. Here we use
the angles in the Collins-Soper frame. In this frame, the cos 2φCS modulation of the cross-section is
sensitive to the Boer-Mulders functions of the colliding hadrons as
F cos 2φCSUU = C
[
(h · ka,⊥)(h · kb,⊥)− ka,⊥ · kb,⊥
MaMb
h⊥1 h¯
⊥
1
]
. (58)
The quantity h is a shorthand notation for the unit vector q⊥/q⊥
In the D-Y limit Q2 = 0, i.e for real photon production, the TMD picture cannot be used any-
more; instead, the ETQS matrix elements discussed in Sec. 3.3.1 can be accessed in transverse single
spin asymmetries [164, 152, 63, 165]. The spin dependent part of the cross section for direct photon
production, with P γ and Eγ denoting the photon momentum and energy, can be written as [63]:
d∆σpp→γX
d3P γ
= αβ S
α
T P
β
γ⊥
αem αs
Eγ s
∑
a,b
∫
dx′
x′
fb/B(x
′)
∫
dx
x
[
T aF (x, x)− x
d
dx
T aF (x, x)
]
× 1
uˆ
Sab→γ(sˆ, tˆ, uˆ) δ
(
sˆ+ tˆ+ uˆ
)
, (59)
where ∆σ = [σ(ST ) − σ(−ST )]/2 and Sab→γ is the hard factor of the process, which depends on the
partonic Mandelstam variables and is explicitly given in Ref. [63]. Fragmentation photons can also
contribute to the asymmetries, e.g. via the Collins effect, but the contribution by direct photons
sensitive to the Sivers effect dominates [63]. In this process, similar to D-Y production, only initial
state interactions are responsible for the phase shift in the QCD amplitude, leading to the transverse
single spin asymmetry. Due to the connection between the ETQS functions and the Sivers function
shown in Eq. (50), the production of direct photons in hadronic collisions can therefore also be used to
test the sign-change of the Sivers function from SIDIS.
3.3.3 Asymmetries in di-hadron production
A detailed overview of Di-hadron FFs (DiFFs) can be found in Refs [65] and [87]. DiFFs can be
introduced similarly to the TMD-FFs described in Sec. 3.1.3. If the production of two unpolarised
hadrons h1,2 is considered, where each of the hadrons carry the light-cone momentum fraction zi and
the transverse momentum dependence is integrated over, the DiFFs depend on the quantities z = z1+z2,
ζ = (z1 − z2)/z, R2T and φR. For the p p case discussed here, R and φR are defined in Sec. 2.2.3. The
vector RT is the transverse projection of R. At large invariant masses Mh of the two hadron system,
the DiFFs can be calculated perturbatively and are connected to similar twist-3 matrix elements as the
Collins FF at large transverse momentum [166]. The relevant case to explore the partonic structure
of the nucleon is the regime in which Mh is small and the DiFFs are non-perturbative objects. Here,
analogously to the TMD-FF regime where p⊥ is small, polarisation quantum numbers of the parent
quark are imprinted in the correlations of the two hadrons. In this regime ζ can be shown to be a
linear polynomial in cos θ, with θ the polar angle defined in Sec. 2.2.3, and the DiFFs can be expanded
in partial waves [67]. Different partial waves carry different angular momentum quantum numbers;
therefore, di-hadron fragmentation can be treated analogously to single hadron fragmentation with the
corresponding angular momentum [167].
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Similar to the expression for TMD-FFs in Eq. (38), the di-hadron FF of a transversely polarised
quark with polarisation vector sq into unpolarised hadrons can then be written as
Dh1,h2/q,sq(z, ζ,RT , φR) = Dh1,h2/q +H
^q
1
sq · (pˆq ×RT )
Mh
· (60)
It is important to note, that, unlike the single-hadron case, the transverse polarisation dependence
does not vanish upon integration over transverse momenta. The shift in the strong phase, which is
needed to generate the TSSA (see Sec. 3.3) can be understood in terms of the partial wave expansion
as being generated by the interference of different partial waves. There have been several suggestions
as to the channels which interfere in pi+pi− production [168, 169, 170], leading to different predicted
Mh dependences. Data seems to prefer models similar to those of Refs. [169, 170], where the dominant
contribution at the energy of current experiments originates from the interference of pions produced in
a relative p−wave from ρ decay, with the non-resonant production in a relative s−wave. It should be
mentioned that a similar Mh dependence can be generated from NJL models [69].
Since for DiFFs the transverse polarisation dependence survives upon integration over intrinsic
transverse momenta and thus a collinear framework can be recovered, they are a natural way to extract
the transversity distribution in p p collisions, where the partonic kinematics are not known a priori and
can only be approximated from reconstructed jets. In p p processes at leading order the transverse
polarisation dependent di-hadron production for small Mh can then be written as [37]:
dσUT ∝
∑
a,b,c,d
|S| sin(φRS)
∫
dxa dxb
zc
fa1 (xa)h
b
1
d∆σˆab↑→c↑d
dtˆ
sin θ H^1 (z, cos θ,Mh) . (61)
Here, a, b, c, d are the partons participating in the 2 → 2 scattering and φRS is the angle between RT
and the polarisation of the proton, introduced in Sec. 2.2.3. Since the di-hadron asymmetries in p p can
be interpreted in a collinear framework, where factorisation and evolution is presumably understood,
they can be incorporated in a global analysis of transversity, which has been performed in Ref. [72],
leading to the first global extraction of transversity from SIDIS, p p and e+e− annihilation data.
Because in p p collisions the partons dominantly interact via flavour blind gluon exchange, u−quark
dominance, important in the case of SIDIS data with a proton target, is much less of a concern.
Therefore, p p data can in principle give significant information on the d−quark transversity, which in
current global extractions of transversity from SIDIS and e+e− data is mainly constrained from data
taken on deuterium targets, which is very limited. However, while the overall uncertainty on h1 is
reduced by the inclusion of p p data, the essentially unknown unpolarised gluon DiFFs, which appears
in the denominator of the spin asymmetries in p p, leads still to quite large systematic uncertainties on
the extracted values.
3.3.4 Asymmetries of jets and hadrons in jets
Intuitively, azimuthal asymmetries of hadrons within jets, as described in Sec. 2.2.4, should be sensitive
to the Collins effect as it has been suggested in Refs. [75, 171]. If the jet axis can be identified
with the outgoing quark direction, these measurements actually have an advantage compared to the
corresponding SIDIS measurements, because the intrinsic quark momenta in the initial and the final
state decouple. However, there are also challenges in the interpretation. On the one hand, as is
typical in p p processes, a considerable range in x of the PDFs of the polarised and unpolarised proton
is contributing. Jet reconstruction mitigates this issue somewhat, since the rapidity and the pT of
the reconstructed jet impose some constraints on this distribution. Additionally, there were questions
about the validity of TMD factorisation in the context of more than 2 color charges participating in
a 2 → 2 process, due to an effect dubbed “color-entanglement” [42, 100], as already discussed in the
34
introduction. However, a recent re-evaluation of the hadron in jet observables [146] indeed showed that
the TMD fragmentation functions entering the hadron in jet cross sections are universal. This supports
the conclusion of Refs. [75, 171], which also argued that the Collins function would be the same as
measured in SIDIS and e+e−. This finding is specific to TMD-FFs, where the separation of the color
charges in the final state is large enough, so that there are no gluons reconnecting to the initial state
TMDs.
A first study for the Collins and other asymmetries in jets has been presented in the context of the
GPM [38], according to which the single polarised cross section for the p↑p→ (h, jet)X process can be
schematically written as:
d6σp
↑p→(h, jet)X
d3P jet dz d2P hT
∝
∑
a,b,c,d
∫
dxa
xa
d2k⊥a
∫
dxb
xb
d2k⊥b δ(sˆ+ tˆ+ uˆ)
×
(
σˆab→cdunp fa/p↑(xa,k⊥a) f
b
1(xb, k⊥b)Dh/c(z, k⊥h)
+ sin(φS − φh) σˆij→klpol ha1(xa, k⊥a) f b1(xb, k⊥b)H⊥c1 (z, k⊥h) + . . .
)
, (62)
where one recognises the TMD-PDFs and FFs defined in Eqs. (23), (25, (29) and (39). φS and φh are the
azimuthal angles respectively of the transverse spin vector of the polarised hadron and the transverse
momentum of the hadron relative to the jet, as described in Sec. 2.2.4. Later work [76] including TMD
evolution agrees well with STAR data.
If in Eq. 62 the hadron P hT is integrated over and only the dependence on φS is considered, sensitivity
to the Sivers functions is obtained in the GPM [160]. However, the applicability of this framework for
p p processes is limited. As we already commented, this is for instance due to questions about the
validity of factorisation and universality. Additionally, in the case of the Sivers measurement in jets,
only a single hard scale, the jet PT , is measured. Then, it might be considered more natural to use
the collinear twist-3 approach; calculations within this framework [172] seem to agree with the AnDY
results [78]. Since the color factors in the twist-3 framework have a correspondence to the Wilson lines
entering in the TMD framework, which lead to the modified universality (the sign change), the jet AN
has been claimed to be the first evidence of this effect. The structure of the jet AN cross section is quite
similar to the one in Eq. (59) for prompt photons. They only differ in the color factors corresponding to
the final state interactions, which, in the case of jet production, suppress the asymmetries. It should be
mentioned, that, within the cited uncertainties, the AnDY results also agree with the GPM calculations
from Ref. [160].
3.4 How to interpret azimuthal correlations of back-to-back hadrons and the Λ po-
larisation in semi-inclusive e+e− annihilations
This sub-section focuses on the sensitivity of the structure functions defined in Eq. (16) in Sec. 2.3
to the Collins FF, which is most relevant for this review. Additionally, a short interpretation of the
back-to-back production of hadron pairs, sensitive to the di-hadron FF H^1 as well as the production of
Λ↑ hyperons will be given, as these channels are relevant for the extraction of (TMD)-FFs entering in
processes discussed in other sections in this review.
A detailed review of TMD FFs and their interpretation, including H⊥1 , H
^
1 and the polarising FF
D⊥Λ1T can be found in Ref. [87]. Coming back to Eq. (16), that is the production of two back-to-back
hadrons in e+e− → h1 h2X processes, the cross section was worked out in Ref. [80] for one photon
annihilation. A complete discussion including electroweak and polarisation effects can be found in
Ref [173] and papers quoted therein.
35
At leading order in perturbation theory and in 1/Q the cross section reads [80]
d5σe
+e−→h1h2X
d cos θ2 dz1 dz2 d2P 1T
=
6piα2em
Q2
z21 z
2
2
(
A(y) Ce+e−
[
D1D¯1
]
+ B(y) cos(2φ1) Ce+e−
[
2 hˆ · k1T hˆ · k2T − k1T · k2T
M1M2
H⊥1 H¯
⊥
1
])
, (63)
where hˆ is the unit vector along P 1⊥ and the angles θ2 and φ1 are defined in Fig. 10. The convolution
C is defined as
Ce+e− [wDD¯] =
∑
q
e2q
∫
d2k1T d
2k2T δ
(2)(k1T + k2T + P 1T/z1)
×w(k1T ,k2T )Dq(z1, z21k 21T ) D¯q(z2, z22k 22T ) + {q ↔ q¯} . (64)
A(y) and B(y) are kinematic factors:
A(y) =
1
2
− y + y2 , B(y) = y(1− y) , (65)
with y = (1 + cos θ2)/2. They are the analogue of the spin transfer coefficients in Eq. (48) in the SIDIS
case and can be interpreted as the projection of the transverse polarisation of the produced quarks. In
the e+e− CMS system, the maximal sensitivity to the transverse polarisation of the quarks is therefore
reached at a direction normal to the beam axis, see Eqs. (15). Information on the Collins functions can
be obtained by looking at the azimuthal modulation of the cross section, second line of Eq. (63).
Comparing Eq. (63) to Eq. (16), the structure function Nh1h2 can then be identified with the term
including the Collins functions,
4 z21 z
2
2 B(y) Ce+e−
[
2hˆ · k1T hˆ · k2T − k1T · k2T
M1M2
H⊥1 H¯
⊥
1
]
, (66)
and Dh1h2 with the term containing the unpolarised FFs,
4 z21 z
2
2 A(y) Ce+e−
[
D1D¯1
]
. (67)
Notice that the definitions of kT and D1 differ by factors z from the definition of p⊥ and Dh/q.
For completeness, it should be mentioned that the Collins FF can also be accessed in a symmetric
coordinate system, where the axis around which the azimuthal angles are measured is given by the
thrust axis in the event. In this case, instead of the convolution of the Collins FFs of quark and
anti-quark, the product of the kT moments of the respective Collins FFs are measured [174, 134].
The term in the cross-section of back-to-back hadron production e+e− → h1 h2X that is sensitive
to the Collins FF H⊥1 can be symbolically expressed as∑
q
e2q H
⊥ha/q
1 (za, kaT )⊗H⊥hb/q¯1 (zb, kbT ) + {q ↔ q¯}, (68)
where the convolution over the transverse momenta is expressed as ⊗. In a similar way, one can consider
the process, in which two hadron pairs are created back-to-back:
e+e− → (ha1, ha2) (hb1, hb2)X. (69)
Here, the di-hadron FF H^1 is accessed, which can e.g. be used in the extraction of the transversity
distribution from the di-hadron asymmetries measured in p p and described in Sec 2.2.3. This is further
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discussed in Sec. 3.3.3. Instead of the angle φ1, which enters the asymmetries sensitive to the Collins
effect, the di-hadron cross section depends on φR, which is defined analogously to the p p case (see
Sec 2.2.3). Since H^1 does not vanish upon the integration over intrinsic transverse momenta, the
amplitude of the sin(2φR) modulation is then sensitive to the product of the di-hadron FFs:∑
q
e2q H
^ha1ha2/q
1 (za,Mha)H
^hb1hb2/q¯
1 (zb,Mhb) . (70)
Finally, the transverse polarization of Λ hyperons in e+e− annihilation
e+e− → Λ↑X (71)
is sensitive to the term
∑
q e
2
q D
⊥Λ/q
1T (z,p⊥), with the polarising fragmentation function D
⊥Λ/q
1T . In the
case where another hadron is detected opposite to the Λ, some flavour sensitivity can be gained by the
entrance of the unpolarised FF of the associated hadron in the expression of the cross section. The
relevant term can then be expressed symbolically as∑
q
e2q D
⊥Λ/q
1T (z,p⊥)DΛ/q¯(z). (72)
Notice that the polarised Λ production enjoyed increased relevance recently, due to the recent Belle mea-
surements [91], discussed earlier, and their possible interpretation in terms of Polarising Fragmentation
Functions [175]. The Belle experiment measured a two-scale process in which the hyperon polarisation
was determined with respect to the plane spanned by the hyperon momentum as well as a proxy for the
outgoing quark momentum. This was either the thrust axis or a hadron in the opposite hemisphere.
Therefore the TMD picture is appropriate and has very recently been used for first extractions of the
polarizing FF D
⊥Λ/q
1T (z,p⊥) [176, 177]. However, similar to the scalar hadron production processes dis-
cussed earlier, there is a related single-scale process, which can be treated in a twist-3 picture. Here
the hyperon polarisation is measured with respect to the plane spanned by hyperon momentum and
beam-axis. See Refs. [178, 179] for recent work using this framework.
3.5 The Collins fragmentation function
Before discussing, in the next Section, our actual knowledge of the TMD-PDFs and the nucleon 3-
dimensional structure, let us comment on the information we have gathered so far on the Collins FF.
This function is not directly related to the nucleon structure, but it is an essential piece of information
which we need, as it often combines with TMF-PDFs into physical observables.
The TMD fragmentation function, Eqs. (38) and (39), first introduced by Collins [93], embeds
fundamental properties of the mysterious hadronisation process of quarks; it correlates the transverse
spin of the fragmenting quark to the azimuthal distribution, around the quark direction, of the final
hadrons. It is believed to be universal, the same in e+e−, SIDIS and Drell-Yan processes [94], for which
TMD factorisation holds.
As discussed in previous Sections, the Collins function, being chiral-odd, must couple, in physical
observables, to another chiral-odd function; this can be the transversity distribution, in SIDIS, or
another Collins function in e+e− processes. The combined fit of azimuthal asymmetries in these two
processes has indeed allowed an extraction of the Collins function [134, 180, 181, 81, 107].
An example of the extracted Collins functions is shown in Fig. 16, from Ref. [81]. The usual as-
sumption, for pion production, is that of defining two kinds of functions: the favourite Collins functions,
which is generated by a valence quark of the pion, like ∆NDpi+/u↑ , and the disfavoured Collins func-
tion, which is generated by a sea quark of the pion, like ∆NDpi−/u↑ . The plots show the values of
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FIG. 7: Comparison of our reference best fit results (red, solid lines) for the valence u and d quark transversity distributions
(left panel) and for the lowest p? moment of the favoured and disfavoured Collins functions (right panel), at Q
2 = 2.4 GeV2,
with those from our previous analysis [11] (blue, dashed lines).
kernel, similarly to what is done for the transversity function, as suggested in Refs. [42, 43]. The results we obtain
show a slight deterioration of the fit quality, with a global  2d.o.f. increasing from 0.84 to 1.20. Although this is still
an acceptable result, one may wonder whether this is a genuine e↵ect of the chosen evolution model or, rather, a
byproduct of the functional form adopted for the Collins function parameterisation.
We have therefore exploited a di↵erent parameterisation based on a polynomial form. In principle, the polynomial
could be of any order. We have started by using an order zero polynomial, then increased it to order one and,
subsequently, to order two. In doing so, we have seen that the quality of the fit improves remarkably when going from
order zero to order one (i.e. from 2 to 4 free parameters) but it stops improving when further increasing to higher
orders. We therefore choose a first order polynomial form, which has the added advantage of depending on the same
number of free parameters as the standard parameterisation of Eqs. (11) and (12).
We consider generic combinations of fixed order Bernstein polynomials (see, for example, Ref. [44]) as they o↵er a
relatively straightforward way to keep track of the appropriate normalisation:
NCi (z) = aiP01(z) + biP11(z) i = fav, dis (41)
where P01(z) = (1  z) and P11(z) = z are Bernstein polynomials of order one. Notice that by constraining the four
free parameters in such a way that  1  ai  +1 and  1  bi  +1, the Collins function automatically fulfils its
positivity bounds, as in the standard parameterisation. The Collins function will be globally modelled as shown in
Eqs. (6) and (8), with NCfav(z) and NCdis(z) as given in Eq. (41).
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z∆NDh/q↑(z,Q
2), where
∆NDh/q↑(z,Q
2) =
∫
d2p⊥ ∆
NDh/q↑(x, p⊥, Q
2) , (73)
at two different values of Q2, which are the mean Q2 of the SIDIS data and the Q2 of the Belle e+e−
data; all details can be found in Ref. [81].
Let us stress once more that the data on the azimuthal distribution of two hadrons in e+e− → q q¯ →
h1 h2X processes, discussed in Section 3.3.4, are a clear indication of the Collins effect at work. Such
effects have been observed by the Belle [82, 83], the BaBar [84] and the BESIII [86] Collaborations.
4 From data to the 3-dimensional imaging of the nucleon
4.1 The unpolarised TMD-PDFs
The first information one can try to obtain on the transverse motion of quarks and gluons inside the
proton is given by the unpolarised parton distribution fa/p(x, k⊥). For quarks, this could be easily ac-
cessed in unpolarised SIDIS processes, from data on the cross section, Eqs. (42) or (43). The unpolarised
TMD-PDFs couple to the unpolarised TMD-FFs, Dh/q(z, p⊥).
However, data on unpolarised SIDIS cross section are not so abundant. The first attempts to obtain
information on the unpolarised TMDs were performed in Refs. [133, 182, 183]. A most simple factorised
Gaussian parameterisation was assumed for the unknown TMDs:
fq/p(x, k⊥) = fq/p(x)
e−k
2
⊥/〈k2⊥〉
pi〈k2⊥〉
(74)
Dh/q(z, p⊥) = Dh/q(z)
e−p
2
⊥/〈p2⊥〉
pi〈p2⊥〉
, (75)
where fq/p(x) and Dh/q(z) are the usual collinear PDFs and FFs and where the Gaussian widths were
assumed to be flavour independent and constant.
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Ref. [133] exploited Fermilab [184] and EMC data [185] on 〈cosφh〉, a kinematical effect originated by
the terms ofO(k⊥/Q) in the elementary interaction [see Eq. (44)], the so-called Cahn effect, contributing
to F cosφhUU . Ref. [182] best fitted values of 〈PT 〉 from Ref. [186], while Ref. [183] compared with JLab
data on cross section [187, 188] and HERMES data on 〈P 2T 〉 [189]. The Gaussian model of the TMDs
proved to be adequate to fit the data and the values of 〈k2⊥〉 and 〈p2⊥〉 resulting in these three cases are
comparable, in the approximate range (in GeV2): 0.25 ≤ 〈k2⊥〉 ≤ (0.38± 0.06) and 0.15 ≤ 〈p2⊥〉 ≤ 0.20.
More recently, plenty of new data became available by the COMPASS and HERMES Collabora-
tions, which measured, rather than the cross section, the hadron multiplicity. According to COMPASS
notation [190, 191] the differential hadron multiplicity is defined as:
d2nh(x
B
, Q2, zh, P
2
T )
dzh dP 2T
≡ 1
d2σDIS(x
B
, Q2)
dx
B
dQ2
d4σ(x
B
, Q2, zh, P
2
T )
dx
B
dQ2 dzh dP 2T
, (76)
while HERMES definition [192] is:
Mhn (xB , Q
2, zh, PT ) ≡ 1
d2σDIS(x
B
, Q2)
dx
B
dQ2
d4σ(x
B
, Q2, zh, PT )
dx
B
dQ2 dzh dPT
, (77)
where the index n denotes the kind of target and the Deep Inelastic Scattering (DIS) cross section has
the usual leading order collinear expression,
d2σDIS(x
B
, Q2)
dx
B
dQ2
=
2 pi α2
Q4
[
1 + (1− y)2] ∑
q
e2q fq/p(xB) · (78)
From Eqs. (42) and (76)–(78) one simply has:
d2nh(x
B
, Q2, zh, PT )
dzh dP 2T
=
1
2PT
Mhn (xB , Q
2, zh, PT ) =
pi FUU∑
q e
2
q fq/p(xB)
· (79)
The first analyses of data based on Eq. (79) have been performed in Refs. [193, 194] assuming for
the TMDs the factorised and gaussian behaviour of Eqs. (74) and (75). In this case the expression of
FUU (42) can be exactly calculated:
FUU =
∑
q
e2q fq/p(xB)Dh/q(zh)
e−P
2
T /〈P 2T 〉
pi〈P 2T 〉
, (80)
where
〈P 2T 〉 = 〈p2⊥〉+ z2h 〈k2⊥〉 . (81)
As we said, in the simplest version of the gaussian model for the TMDs, they are assumed to be
flavour independent and their widths 〈k2⊥〉 and 〈p2⊥〉 to be constant [194]; this cannot be true for all
values of x and z, but might be adequate for analysing the available experimental data which cover
limited kinematical regions. The possible flavour, x and z dependence of the gaussian widths was
studied in Refs. [193, 108].
From this first study of the unpolarised TMDs, based on hadron multiplicity and the HERMES [192]
and COMPASS [190, 191] data, it turns out that the gaussian assumptions (74) and (75) – possibly
with flavour, x and z dependences – are able to fit well most data.
However, the hadron multiplicy, as given by Eqs. (79)-(81), depends on the parameter 〈P 2T 〉, which,
in turns, is a combinations of the two parameters 〈k2⊥〉 and 〈p2⊥〉. This correlations makes it difficult to
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hP 2T i = z hk2?i+ hp2?i
(from HERMES multiplicities)
hk2?i = 0.57 GeV2 hp2?i = 0.12 GeV2
fit of HERMES multiplicities
global fit of unpolarised TMDs
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FIG. 9: Correlation between transverse momenta in TMD FFs, hP 2?i(z = 0.5), and in TMD PDFs, hk2?i(x = 0.1), in di↵erent
phenomenological extractions. (1): average values (white square) obtained in the present analysis, values obtained from each
replica (black dots) and 68% C.L. area (red); (2) results from Ref. [23], (3) results from Ref. [97], (4) results from Ref. [76] for
Hermes data, (5) results from Ref. [76] for Hermes data at high z, (6) results from Ref. [76] for normalized Compass data,
(7) results from Ref. [76] for normalized Compass data at high z, (8) results from Ref. [15].
(a) (b)
FIG. 10: Kinematic dependence of
⌦
k2?
↵
(x) (a) and of
⌦
P 2?
↵
(z) (b). The bands are the 68% C.L. envelope of the full sets of
best-fit curves.
C. Stability of our results
In this subsection we discuss the e↵ect of modifying some of the choices we made in our default fit. Instead of
repeating the fitting procedure with di↵erent choices, we limit ourselves to checking how the  2 of a single replica is
a↵ected by the modifications.
As starting point we choose replica 105, which, as discussed above, is one of the most representative among the
whole replica set. The global  2/d.o.f. of replica 105 is 1.51. We keep all parameters fixed, without performing any
new minimization, and we compute the  2/d.o.f. after the modifications described in the following.
First of all, we analyze Hermes data with the same strategy as Compass, i.e., we normalize Hermes data to the
value of the first bin in PhT . In this case, the global  
2/d.o.f. reduces sharply to 1.27. The partial  2 for the di↵erent
SIDIS processes measured at Hermes are shown in Table XII. This confirms that normalization e↵ects are the main
contribution to the  2 of SIDIS data and have minor e↵ects on TMD-related parameters. In fact, even if we perform
(from Cahn effect)hk2?i = 0.25 GeV2 hp2?i = 0.20 GeV2
COMPASS 
data only
Figure 17: Values of 〈k2⊥〉(x = 0.1) and 〈p2⊥〉(z = 0.5) obtained from different fits of the hadron
multiplicities, as shown in the figure. For further details we refer to the text and to Ref. [108] from
which this figure has been taken and adjusted. Original figure available under a Creative Commons
Attribution 4.0 International.
extract separately and independently the gaussian widths of fq/p(x, k⊥) and Dh/q(z, p⊥); similarly good
fits of the multiplicities, corresponding to different values of 〈k2⊥〉 and 〈p2⊥〉, are possible. This is shown
in Fig. 17, which is adjusted from Ref. [108]. The black dots around the central values are the outcome
of different replicas of the fit and the coloured regions contains the 68% of the replicas that are closest
to the average value. The red region shows the results of the first global fit to unpolarised TMDs [108],
which takes into account SIDIS, Drell-Yan and Z boson production data, with TMD evolution. This
study clearly shows the crucial role of TMDs in explaining the shape of the differential cross section for
Z-boson production at Tevatron, Fig. 8 of Ref. [108].
The study of the unpolarised TMDs, mainly from SIDIS, but also from Drell-Yan and Z-boson
production, clearly shows the need to introduce the transverse motions of partons inside the nucleon;
this conclusion, based on experimental data, has solid theoretical grounds for processes in which one
can identify two scales: a small one of the order of a few hundreds of MeV, and a large one, possibly
of the order of few or more GeV [130]. Thus, one can separate a soft non perturbative region, which
pertains to the nucleon structure, and a large energy region, described by perturbative Standard Model
interactions. From data fitting, the resulting values of 〈k⊥〉, are indeed of the order of few hundreds of
MeV, giving us informa ion on the quark intr nsic motion.
The k o ledge of 〈k2⊥〉, even neglecting its uncertainty due to the strong correlation with 〈p2⊥〉, is
important, but far from resolving the momentum distribution of partons inside the nucleon; crucial
questions like the spin and the orbital momentum of quarks, and the correlation with the nucleon spin,
remain open.
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4.2 The Sivers function
The Sivers distribution of unpolarised partons inside a transversely polarised proton has a long and
interesting history. It was introduced in 1990 [34, 114], to explain the large and unexpected values of
the SSA AN observed in pN → piX processes, as explained in Section 2.2.1. It was then criticised [93]
and dismissed as violating fundamental parity and time reversal properties of QCD. Then, a model
calculation in Ref. [142] showed explicitly the possibility of having a non zero Sivers function in SIDIS
processes, thanks to final state interactions of the scattered quark with the proton remnants. The
criticism of Ref. [93] was reconsidered [41], taking into account the path-ordered exponential of the
gluon field (gauge link) in the operator definition of parton densities, Eq. (11). This led, rather than
to a vanishing of the Sivers function, to the prediction that such a function should have opposite signs
in SIDIS and Drell-Yan processes [41]:
(f⊥1T )SIDIS = −(f⊥1T )DY . (82)
This prediction is considered as an important test of our understanding of the origin and nature of
SSAs in SIDIS and Drell-Yan processes, within a QCD TMD factorisation scheme. First experimen-
tal results [62] hint at a confirmation of the sign change [39], but no definite conclusion can still be
drawn [195, 196].
The quark Sivers function has been extracted from SIDIS data on the weighted asymmetryA
sin(φh−φS)
UT
[17, 18, 19, 20, 21, 24], interpreted through Eq. (46), by several groups [197, 133, 198, 199, 182, 200, 201,
202, 81, 195]. This extraction requires some assumptions on the functional shape of the Sivers function
and a choice of parameters. A most typical and simple assumption for ∆Nfq/p↑(x, k⊥), Eq. (26), is,
again, a factorisation of the x and k⊥ dependences and a gaussian shape for the k⊥ dependence.
For example, a parameterisation of the Sivers function is given by [198, 201]
∆Nfq/p↑(x, k⊥) = 2Nq(x)h(k⊥) fq/p(x, k⊥) , (83)
with
Nq(x) = Nq xαq(1− x)βq (αq + βq)
(αq+βq)
α
αq
q β
βq
q
, (84)
h(k⊥) =
√
2e
k⊥
MS
e−k
2
⊥/M
2
S , (85)
where Nq, αq, βq and MS (GeV/c) are free parameters to be determined by fitting the experimental
data. The functional shapes of Nq(x) (with −1 ≤ Nq ≤ 1) and h(k⊥) are such that the positivity bound
for the Sivers function,
|∆Nfq/p↑(x, k⊥)|
2fq/p(x, k⊥)
≤ 1 , (86)
is automatically fulfilled for any value of x and k⊥. The unpolarised TMD fq/p(x, k⊥) is given in Eq. (74),
so that:
∆Nfq/p↑(x, k⊥) = 2Nq(x) fq/p(x)
√
2e
k⊥
MS
e−k
2
⊥/M
2
S
e−k
2
⊥/〈k2⊥〉
pi〈k2⊥〉
(87)
≡ ∆Nfq/p↑(x)
√
2e
k⊥
MS
e−k
2
⊥/〈k2⊥〉S
pi〈k2⊥〉
(88)
where
〈k2⊥〉S =
〈k2⊥〉M2S
〈k2⊥〉+M2S
· (89)
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Figure 1. Extracted Sivers distributions for u = uv + u¯, d = dv + d¯, u¯ and d¯ at Q2 = 2.4 GeV2.
Left panel: the first moment of the Sivers functions, Eqs. (2.16) and (2.17) of the text, versus x.
Right panel: plots of the Sivers functions, Eq. (2.14) of the text, at x = 0.1 versus k?. The solid
lines correspond to the best fit. The dashed lines correspond to the positivity bound of the Sivers
functions. The shaded bands correspond to our estimate of 95% C.L. error.
It means that we assume the anti-quark Sivers functions to be proportional to the cor-
responding unpolarised PDFs; we have checked that a fit allowing for more complicated
structures of Eq. (2.14) for the anti-quarks, results in undefined values of the parameters ↵
and  .
The Sivers asymmetry measured in SIDIS can be expressed using our parameterisations
of TMD functions from Eqs. (2.12-2.15, 3.4) as
A
sin( h  S)
UT (x, y, z, PT ) =
[z2hk2?i+ hp2?i]hk2Si2
[z2hk2Si+ hp2?i]2hk2?i
exp
"
  P
2
T z
2(hk2Si   hk2?i)
(z2hk2Si+ hp2?i)(z2hk2?i+ hp2?i)
#
⇥
p
2 e z PT
M1
P
q e
2
q Nq(x)fq(x)Dh/q(z)P
q e
2
q fq(x)Dh/q(z)
· (3.6)
Thus, we introduce a total of 9 free parameters for valence and sea-quark Sivers functions:
Nuv , Ndv , Nu¯, Nd¯, ↵u,  u, ↵d,  d, and M21 (GeV2). In order to estimate the errors on the
parameters and on the calculation of the asymmetries we follow the Monte Carlo sampling
method explained in Ref. [8]. That is, we generate samples of parameters ↵i, where each
↵i is an array of random values of {Nuv , Ndv , Nu¯, Nd¯,↵u,↵d, u, d,M21 }, in the vicinity of
the minimum found by MINUIT, ↵0, that defines the minimal total  2 value,  2min. We
– 6 –
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Figure 1. Extrac ed Sivers distribut ons for u = v + u¯, d = v + d¯, u¯ and d¯ at Q2 = 2.4 GeV2.
Left panel: the first moment of the Sivers functions, Eqs. (2.16) and (2.17) of the ext, versus x.
Right panel: plots f the Sivers functions, Eq. (2.14) of the ext, at x = 0.1 versus k?. The solid
lines correspond to the best fit. The dashed lines correspond to the positivity bound of the Sivers
functions. The s aded bands correspond to our estimate of 95% C.L. error.
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responding unpolarised PDFs; we have checked that a fit allowing for more complicated
structures of Eq. (2.14) for the anti-quarks, result in undefined values of the parameters ↵
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The Sivers asymmetry measured in SIDIS can be expressed using our parameterisations
of TMD functions from Eqs. (2.12-2.15, 3.4) as
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Thus, we introduce a total of 9 free parameters for valence and sea-quark Sivers functions:
Nuv , Ndv , Nu¯, Nd¯, ↵u,  u, ↵d,  d, and M21 (GeV2). In order to estimate the errors on the
parameters and on the calculation of the asymmetries we follow the Monte Carlo sampling
method explained in Ref. [8]. That is, we generate samples of parameters ↵i, where each
↵i is an array of random values of {Nuv , Ndv , Nu¯, d¯,↵u, d, u, d,M21 }, in the vicinity of
the minimu found by MINUIT, ↵0, that defines the mini al total  2 value,  2min. We
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Figure 18: The Sivers distributions for u = uv + u¯, d = dv + d¯, u¯ and d¯ as extracted in Ref. [195]. Left
panel: the x dependence of the first moment of the Sivers functions, Eq. (92) , multiplied by x. Right
panel: the k⊥ dependence of x times the Sivers functions, at x = 0.1. Details can be found in Ref. [195].
Figure from Ref. [195] available under a Creative Commons Attribution 4.0 International.
From Eqs. (46) and (88) one obtains [16, 203]:
A
sin(φh−φS)
UT =
∑
q
e2q ∆
Nfq/p↑(x)Dh/q(z)×
√
e
2
PT
MS
z 〈k2⊥〉2S
〈k2⊥〉
e−P
2
T /〈P 2T 〉S
pi〈P 2T 〉2S∑
q
e2q fq/p(x)Dh/q(z)
e−P
2
T /〈P 2T 〉
pi〈P 2T 〉
, (90)
where:
〈P 2T 〉 = 〈p2⊥〉+ z2〈k2⊥〉 〈P 2T 〉S = 〈p2⊥〉+ z2〈k2⊥〉S . (91)
The Sivers distribution, more than the unpolarised TMDs, offers a subtle and deeper way of probing
the 3D structure of nucleons, as it couples the intrinsic motion of partons to a fundamental property of
the the proton, its spin. The results so far reached deserve some comments.
• Fig. 18 shows a recent extraction of the quark Sivers functions from SIDIS data; they are taken
from Ref. [195] but do not differ, qualitatively, from other extractions. The quantity shown on
the left plot is the first moment of the Sivers function [197] (multiplied by x):
∆Nf
(1)
q/p↑(x) =
∫
d2k⊥
k⊥
4M
∆Nfq/p↑(x, k⊥) = −fk⊥(1)q1T (x) . (92)
At this stage, despite the simple and approximate interpretation of the data, Eq. (90), one can
definitely conclude that the Sivers effect, as origin of SSAs, at least in SIDIS processes, is well
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established. The corresponding Sivers functions need not be too large, and are well below the
positivity limit (86) (dashed blue lines in Fig. 18). The u and d quark Sivers functions are
opposite in sign and peak at x-values in the valence region; in fact, the sea quark Sivers functions
are compatible with zero.
• The Burkardt sum rule for the Sivers distribution [204]:∑
a
∫
dx d2k⊥ k⊥ fa/p↑(x,k⊥) ≡
∑
a
〈ka⊥〉 = 0 , (93)
is almost saturated by valence quarks alone (a = u, d) [201], leaving little room to a contribution
from a gluon Sivers function, as confirmed by other studies [205, 206, 207].
The gluon Sivers functions could be directly accessed in p↑N interactions, in particular via the
large PT inclusive production of charmed particles (like D or J/ψ mesons) [208, 209, 210] or
prompt photons [211]. However, for these processes, the simple TMD factorisation scheme might
not be fully justified.
• The Sivers distribution, Eq. (23), induces a correlation between the parton intrinsic motion k⊥ and
the parent nucleon polarisation S, through the scalar expression (Pˆ × kˆ⊥) ·S. At fixed values of
the proton momentum P the density number of partons inside the transversely polarised proton is
not isotropic in k⊥. The evidence of a non zero Sivers function has allowed the first 3-dimensional
imaging of a proton. An example is shown in Fig. 19 which shows the density of u and d quarks
in the transverse momentum plane, for a proton moving along the zˆ-axis and polarised along the
yˆ-axis. The (Pˆ × kˆ⊥) · S correlation induces a momentum deformation in kx. Similar pictures
can be drawn for different x-values, the so-called nucleon-tomography.
• Even if the Sivers function might contribute to SSAs with opposite signs in SIDIS and Drell-Yan
processes [41], one can think that it is related to fundamental features of the proton structure.
Then, as it does not depend on the spin of the partons, which are unpolarised, but depends on
the proton spin, it must be related to another pseudo-vector, that is the parton orbital angular
momentum, say Lq. It would be interesting to find a dependence on S · Lq embedded in the
Sivers function; this was indeed proposed by Sivers [212, 213], as a possible normalisation of
∆Nfq/p↑(x, k⊥).
4.3 The transversity distribution
The transversity distribution is one of the three basic PDFs, which survive in the collinear limit;
however, differently from the unpolarised PDF and the helicity distribution, it cannot be accessed in
DIS processes, due to its chiral odd nature [1]. It can be accessed in SIDIS processes, coupled to the
Collins TMD-FF, as detailed in Eq. (47). Independent information on the Collins function can be
obtained from e+e− → h1 h2X processes, as discussed in Section 3.5.
The combined extraction of the transversity and the Collins functions was performed in Refs. [134,
180, 181, 81, 107]. As in the case of the Sivers function, a simple functional form was chosen for the
unknown transversity and Collins TMDs:
∆T q(x, k⊥) =
1
2
N Tq (x)
[
fq/p(x) + ∆q(x)
] e−k2⊥/〈k2⊥〉
pi〈k2⊥〉
, (94)
∆NDh/q↑(z, p⊥) = 2N Cq (z) Dh/q(z) h(p⊥)
e−p
2
⊥/〈p2⊥〉
pi〈p2⊥〉
, (95)
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Fig. 6. The 3D density, in the transverse-momentum plane, of
unpolarized up and down quarks inside a transversely polarized
proton, described by the Sivers function. Here the model of
[73] is used and the longitudinal momentum fraction is fixed
to x = 0.1. The color code indicates the probability of finding
the up or down quarks: the deep red (blue) indicates large
negative (positive) values for the Sivers function. Plot from
Ref. [72]
predictions at higher Q2 values, like future electron-ion or
electron-nucleon colliders (EIC/ENC) and Drell-Yan ex-
periments.
Recently the issue of the QCD evolution of unpolar-
ized TMDs and of the Sivers function has been studied in
a series of papers [10,60,61,79,80] where a TMD factor-
ization framework has been worked out for the treatment
of SIDIS data and the extraction of polarized TMDs. The
main di culty, here, is due to the fact that the TMD for-
malism originally developed to describe the Q2 evolution
of the unpolarized TMDs cannot be directly applied to the
spin dependent distribution functions, like the Sivers func-
tion [16], for which the collinear limit corresponds to twist-
3 Qui-Sterman function TF . Compared to the unpolarized
TMD evolution scheme, the extra aid of a phenomenolog-
ical input function is required: this input function embeds
the missing information on the evolved function, that, in
the case of the Sivers function, is both of perturbative and
non-perturbative nature.
The TMD Sivers distribution can be extracted by fit-
ting the HERMES and COMPASS SIDIS data on the
azimuthal moment A
sin( h  S)
UT . The relevant part of the
SIDIS cross-section for Sivers asymmetry reads:
d5 (S?)
dxBdydzhd2PT
=  0(xB , y,Q
2)
h
FUU +
sin( h    s) F sin( h  s)UT + ...
i
, (15)
where ST is transverse polarization, and  h, S are the
azimuthal angles of the produced hadron and the polar-
ization vector. The spin structure function F
sin( h  S)
UT is
a convolution of the Sivers function f?1T with the unpolar-
ized FF Dh/q. The ellipsis in Eq. (15) denotes contribu-
tions from other spin structure functions.
The experimentally measured Sivers asymmetry is then
A
sin( h  S)
UT ⌘ h2 sin( h    S)i ⇠
f?1T ⌦Dh/q
fq/p ⌦Dh/q (16)
Fig. 7. Comparison between HERMES [82] and preliminary
COMPASS data [83] for the z and PT dependence of the Sivers
asymmetry. The solid line is the fit from Ref. [81]. The dashed
curve is the result of evolving to the COMPASS scale using the
TMD-evolution scheme of Ref. [61]. Plot from Ref. [62].
A first application of the new TMD evolution equa-
tions of Ref. [61] to some limited samples of the HERMES
and COMPASS data [62] was proposed by Aybat et al. in
Ref. [62]. There, it was explicitly shown that the evolution
of an existing fit of the Sivers SIDIS asymmetry [81] from
the average value hQ2i = 2.4 GeV2 (HERMES [82]) to
the average value of hQ2i = 3.8 GeV2 (COMPASS [83]),
proved to be reasonably compatible with the TMD evo-
lution equations of Ref. [61]. Their results are shown in
Fig. 7.
Shortly afterwards Anselmino, Boglione and Melis [63]
performed a complete best fit of the SIDIS Sivers asym-
metries taking into account the di↵erent Q2 values of each
data point and the Q2 dependence of the TMDs and com-
pared their results with a similar analysis performed with-
out the TMD evolution. By following Ref. [61], and denot-
ing by eF either the unpolarized parton distribution, the
unpolarized fragmentation function, or the first deriva-
tive, with respect to the parton impact parameter bT , of
the Sivers function, the QCD evolution of the TMDs in
the coordinate space can be written as
eF (x, bT ;Q) = eF (x, bT ;Q0)⇥eR(Q,Q0, bT ) exp⇢ gK(bT ) ln Q
Q0
 
, (17)
with
eR(Q,Q0, bT ) ⌘ exp⇢ln Q
Q0
Z µb
Q0
dµ0
µ0
 K(µ
0) +
Figure 19: The transverse-momentum d stribution of u (left) and d (right) q arks with longitudinal
momentum fraction x = 0.1 in a transversely polarised proton moving in the zˆ-direction, while polarised
in the yˆ-direction. The corresponding Sivers distribution, f1(x, k⊥, ST ) = fq/p↑(x,k⊥), is evaluated
using the Sivers function from Ref. [214]. The color code indicates the probability of finding the quarks.
Figure from Ref. [8] and available under a Creative Co mons Attribution 4.0 International.
with
h(p⊥) =
√
2e
p⊥
M
e−p
2
⊥/M
2
. (96)
Simple parameterisations were adopted for N Tq (x) and N Cq (z) [181, 81] in such a way that the transver-
sity distribution function automatically obeys the Soffer bound [215]
|∆T q(x)| ≤ 1
2
[
fq/p(x) + ∆q(x)
]
, (97)
and the Collins fu ction satisfies the positivity bound
|∆NDh/q↑(z, p⊥)| ≤ 2Dh/q(z, p⊥) . (98)
By insertion of the above expressions into Eq. (47) one obtains [134, 11, 12]:
Asin(φS+φh)
UT
=
∑
q
e2q N Tq (x)
[
fq/p(x) + ∆q(x)
] N Cq (z)Dh/q(z)× PT
M
1− y
s x y2
√
2e
〈p2⊥〉2C
〈p2⊥〉
e−P
2
T /〈P 2T 〉C
〈P 2T 〉2C∑
q
e2q fq/p(x) Dh/q(z)
e−P
2
T /〈P 2T 〉
〈P 2T 〉
[1 + (1− y)2]
s x y2
,
(99)
where
〈p2⊥〉C =
M2〈p2⊥〉
M2 + 〈p2⊥〉
〈P 2T 〉 = 〈p2⊥〉+ z2〈k2⊥〉 〈P 2T 〉C = 〈p2⊥〉C + z2〈k2⊥〉 . (100)
Some results on the transversity distributions are shown in Fig. 20, obtained by different groups,
with different best fitting procedures. The red solid lines, both in the left and right plots, have been
obtained in Ref. [107] by fitting SIDIS data from HERMES [17], COMPASS [21, 217] and Jlab [23],
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FIG. 27. (a) Comparison of extracted transversity (solid lines and shaded region) Q2 = 2.4 GeV2 with Torino-Cagliari-JLab
2013 extraction [17] (dashed lines and shaded region).
(b) Comparison of extracted transversity (solid lines and shaded region) at Q2 = 2.4 GeV2 with Pavia 2015 extraction [18]
(shaded region).
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FIG. 28. Comparison of extracted Collins fragmentation functions (solid lines) at Q2 = 2.4 GeV2 with Torino-Cagliari-JLab
2013 extraction [17] (dashed lines and shaded region).
much better determined by the existing data, as one can see from Fig. 28 that the functions at Q2 = 2.4 GeV2 are
compatible within error bands. The unfavored fragmentation functions are different, however those functions are not
very well determined by existing experimental data.
We also compare the tensor change from our and other extractions in Fig. 29. The contribution to tensor charge
of Ref. [18] is found by extraction using the so-called dihadron fragmentation function that couples to collinear
transversity distribution. The corresponding functions have DGLAP type evolution known at LO and were used in
Ref. [18]. The results plotted in Fig. 29 corresponds to our estimates of the contribution to u-quark and d-quark in
the region of x [0.065, 0.35] at Q2 = 10 GeV2 at 68% C.L. (label 1) and the contribution to u-quark and d-quark in
the same region of x and the same Q2 using the so-called flexible scenario, αs(M
2
Z) = 0.125, of Ref. [18]. One can
see that our extraction has an excellent precision for both u-quark and d-quark. The fact that the central values and
errors of extracted tensor charges are in a good agreement in both methods, ours and Ref. [18], is very positive and
allows for future investigations of transversity including all available data in a global fit.
Our results compare well with extractions from Ref. [17]. Even though correct TMD evolution was not used in
Ref. [17] the effects of DGLAP evolution of collinear distributions were taken into account and the resulting fit is of
good quality, χ2/d.o.f. = 0.8 for the so-called standard parametrization of Collins fragmentation functions. In fact
the probability that the model of Ref. [17] correctly describes the data is P (0.8 ∗ 249, 249) = 99%. The tensor charge
was estimated at 95% C.L. using two different parametrizations for Collins fragmentation functions, the so-called
standard parametrization that utilized similar to our parametrization and the polynomial parametrization. In Fig. 30
we compare our results with calculations from Ref. [17] at 95% C.L. at Q2 = 0.8 GeV2 and calculations at 68 % at
Q2 = 1 GeV2 of Ref. [18]. Even though we compare tensor charge at different values of Q2 its evolution is quite slow,
so the good agreement of all three methods is a good sign. We conclude that tensor charge perhaps is very stable with
Figure 20: Plots of x times the transversity distribution, xhq1 = x∆q, for u and d quarks, as obtained
in Refs. [107] (Kang et al. (2015)), Ref. [181] (Anselmino et al. (2013)) and Ref. [216] (Radici et al.
(2015)). Se text for further details. Reprinted with permission from Zhong-Bo Kang, Alexei Prokudin,
Peng Sun, and Feng Yuan, Phys. Rev., D93(1):014009, 2016. Copyright 2016 by the American Physical
Society.
together with e+e− data from Belle [83] and BaBar [84]. The QCD evolution of the TMDs have been
taken into account. The dotted blue line in the left plots is from Ref. [181], obtained by a combined
fitting of SIDIS [18, 218] and e+e− data [83], without TMD evolution. The remaining line in the
right plot is from Ref. [216], which couples the chiral-odd transversity distribution with the chiral-odd
di-hadron fragmentaion functions.
Let us summarise our knowledge on the transversity distribution.
• The combined fit of Asin(φS+φh)
UT
from SIDIS data and azimuthal modulations in e+e− → h1 h2X
processes, has allowed the first extraction of the transversity distributions of u and d quarks.
The results obtained by different groups are in good agreement, and show reasonable values of
∆Tu(x) = h
u
1(x) and ∆Td(x) = h
d
1(x), not far from the corresponding helicity distributions, and
peaked in the quark valence region. However, in SIDIS, the transversity distribution is coupled to
the Collins function, and, in e+e−, one measures the product of two Collins functions: then, one
cannot fix ind pend tly the signs of ∆Tu(x) and ∆Td(x), only their relative values, which turn
out to be opposite. It is natural, following the helicity distributions or the SU(6) spin-flavour
symmetry, to assume ∆Tu(x) to be positive and ∆Td(x) to be negative, but this is not determined
by the extraction procedure.
• An alternative way of accessing the transversity distribution, by coupling it to the di-hadron
fragmentation function [219, 169], has been developed in Refs. [220, 221, 216]. Information on the
di-hadron fragmentation func ion is obtained from e+ − data [222]. This analysis yields res lts
similar to those obtained from the combined fits of transversity and Collins functions, but it has
the advantage that it can be used also in p p interactions [37, 72], proving the universality of the
transversity distribution [223]. Also in this case one can only fix the relative sign of u and d quark
transversities.
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• The transversity distribution has the important feature that it is related to the tensor charge [224],
δq ≡
∫ 1
0
dx
[
hq1(x)− hq¯1(x)
]
, (101)
which can be computed on a lattice [225, 226, 227]. The available data on hq1(x) cover only a
limited region in x, so that one needs some extrapolation in order to compute the full integral of
Eq. (101); at the moment, there seems to be a discrepancies between the value of δu, as obtained
from the extracted hu1(x), and the lattice results [228, 229, 230, 231]. A very recent global analysis
of data on Transverse Single Spin Asymmetries [232] includes, for the first time, results on the
single spin asymmetry AN in p
↑p scattering and sees less tension with the lattice results. The
inclusion of AN in this extraction is based on the connection of AN , with transversity in the
twist-three framework discussed in Sec. 3.3.1.
• It is worth mentioning that the optimal access to the transversity distributions could, in principle,
be obtained by measuring double transverse spin asymmetries in proton-antiproton Drell-Yan
processes, p↑ p¯↑ → `+ `−X, which would mainly involve valence quark transversities. In order
to enhance the amount of events, one could even think of measuring the di-lepton production at
the J/ψ peak, p↑ p¯↑ → J/ψX → `+ `−X [53]. The availability of a polarised antiproton beams
proves, however, to be a very difficult task [233].
5 The ultimate goal: the nucleon Wigner functions
The TMDs give a three-dimensional momentum space information about the quarks and gluons inside
the nucleon. They do not give any information about their spatial distribution. Spatial information
about the quarks and gluons can be obtained in terms of nucleon form factors; the Fourier transform
of the form factor gives the charge distribution of the nucleon. Form factors are obtained by taking
moments of the Generalised Parton Distributions (GPDs), which are defined as off-forward matrix
elements of quarks and gluon operators, in a generalisation of Eq. (17) in which the initial and final
proton momenta differ by an amount usually defined as ξ (for the longitudinal direction) and ∆⊥ or q⊥
(for the transverse direction). GPDs can be accessed in exclusive processes and are not discussed here;
a seminal review paper can be found in [128]. In Ref. [234] it was shown that a Fourier transform of the
GPDs with respect to the transverse momentum transfer, ∆⊥, taken at ξ = 0, gives Impact Parameter
Dependent Parton Distribution Functions (IPDPDFs or, shortly, IPDs)). The IPDs give the density of
partons with light-cone momentum fraction x and transverse impact parameter b⊥. However, the most
general information about the quark and the gluon distribution in the nucleon could be obtained in
terms of the phase space or Wigner distributions, and the Generalised Transverse Momentum Dependent
parton distributions (GTMDs), which we shall discuss in the next Sections. The Wigner function is
related, by some integration and by taking particular limits or Fourier transforms, to TMDs, GPDs,
PDFs, form factors, IPDs and GTMDs. A comprehensive table of all these connections can be found
in Ref. [235] and is shown for convenience in Fig. 21.
5.1 Introduction to Wigner distributions for quarks and gluons
In classical mechanics, the laws of dynamics are formulated in phase space, that describes the position
r as well as the momentum p of each particle. In quantum mechanics, due to Heisenberg’s uncertainly
principle, the position and momentum of a particle cannot be determined simultaneously. In 1932,
Wigner [236] introduced a quantum phase space distribution, which, in one space and one momentum
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4 Markus Diehl: Introduction to GPDs and TMDs
H(k, P,∆)
H(x,k, ξ,∆)
H(x, ξ,∆2)
∑n
k=0Ank(∆
2) (2ξ)k
H(x,k, ξ, b)
H(x, ξ, b)
W (x,k, b)
f(x, b)f(x,k)
f(x) Fn(b) Fn(∆
2)
f(k, P )
f(x, z)
∫
d2b
∫
d2b
∫
d2k
∫
d2k
∫
dk−
∫
dk−
∫
d2k
∫
dx xn−1
∆ = 0
ξ = 0
ξ = 0
ξ = 0
FT
FT
FT
GTMD
GPD
TMD
form factor
GFFs
PDF
parton correlation function
parton correlation function
distribution
impact parameter
∫
dx xn−1
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FT
Fig. 2. Selected quantities that can be derived from the fully differential two-quark correlation function H(k, P,∆) defined
in (1). Double arrows marked by “FT” denote a Fourier transform between ∆ and b or between k and z. Fractions of plus-
momentum (commonly called “longitudinal momentum fractions”) are written as x = k+/P+ and 2ξ = −∆+/P+. The invariant
momentum transfer can be expressed in terms of longitudinal and transverse variables as ∆2 = −(4ξ2m2 +∆2)/(1− ξ2). Only
kinematic arguments of the functions are given, while the scales introduced by ultraviolet renormalisation (µ) of by the regulation
of rapidity divergences (ζ) are suppressed. As discussed in the text, the integrals
∫
dk− and
∫
d2k cannot be taken literally but
must be supplemented with a regularisation procedure.
where “average” and “difference” refer to the right and
left hand sides of figure 1, or equivalently to the light-cone
wave function ψ and its conjugate ψ∗.
After these general considerations, we can take a closer
look at the different distributions that can be obtained
from the general two-quark correlation function in (1). A
selection of them is shown in figure 2. Let us start at the
top of the hierarchy.
1. In the forward limit ∆ = 0, parton correlation func-
tions that are not integrated over any component of k
(called “doubly” or “fully unintegrated” distributions)
have been discussed in the context of evolution at small
x [6] and with the aim of having an exact description of
final-state kinematics [7,8]. Under the name of “beam
functions”, they have also been introduced in soft-
collinear effective theory (SCET) for the resummation
of large logarithms in observables sensitive to the pro-
ton remnants (called “beam jets”) [9–11]. In that case,
distributions differential in k− but integrated over k
are referred to as beam functions as well. The consid-
erations in [6] and [9–11] focus on the region of large
parton virtuality k2 and compute the unintegrated dis-
tributions in terms of conventional parton distribution
functions (PDFs), an aspect we will discuss in more
detail for TMDs in section 4.
A detailed analysis of factorisation with unintegrated
distributions has been given for semi-inclusive deep in-
elastic scattering (SIDIS) in [8]. For hadron-hadron
collisions there are strong arguments that this type
of factorisation generically fails, due to soft gluon ex-
change between the spectator partons in each hadron
[12,13]. In kinematics referred to as the Glauber re-
gion, these soft interactions “tie together” the two had-
rons in a way that prevents one from describing the
non-perturbative dynamics by matrix elements that
pertain to only one hadron and not to both. To estab-
lish factorisation, one has to show that (after appro-
priate approximations) gluon exchange in the Glauber
region cancels in the observable at hand.
Not being integrated over any momentum component,
parton correlation functions retain manifest Lorentz
invariance (provided that one is careful not to forget
auxiliary vectors required for their field theoretical def-
inition). They can therefore be used to classify and
relate different distributions that descend from them.
Examples are given in [14] for ∆ = 0 and in [15] for
∆ ̸= 0.
2. Wigner distributions depend on the average momen-
tum and the average position of the quark. From the
uncertainty principle it is clear that they cannot rep-
resent joint probabilities in these two variables, but
integrating over any one of them, one obtains a prob-
ability in the other.
The most straightforward interpretation of these dis-
tributions is in the forward limit ξ = 0 of longitu-
dinal momentum. Integrating the Wigner distribution
Figure 21: Summary of the relations between different distributions and correlators. The Table is
reprinted fro Ref. [235], where more details can be found. Notice that the vectors k, b and ∆ of the
figure are defined respectively as k⊥, b⊥ and ∆⊥ in the text. Reprinted with kind perm sion of The
European Physical Journal (EPJ), Markus Diehl, ”Introduction to GPDs and TMDs”, Eur. Phys. J.,
A52(6):149, 2016, c©Societa` Italiana di Fisica/ Springer-Verlag 2016.
dimensions, reads:
W (x, p) =
∫
dη eipη ψ∗(x− η/2)ψ(x+ η/2) . (102)
ψ(x) is the wave function of the system at the position x and p is the conjugate momentum. Wigner
distributions are the analog of classical phase space distributions, to which they reduce in the classical
limit. They have been used widely in different branches of physics, for example in quantum information,
heavy ion physics, nonlinear dynamics, optics, image processing and so on [237, 238, 239]. The qu -
tum mechanical Wigner distributions have also been measured in some particular cases [240, 241, 242].
Wigner distributions by themselves are not positive definite, and do not have a probabilistic interpreta-
tion; however, upon integration over p or x they give respectively the probability density of the quantum
system in x r p space. A few modified Wigner type distributions have been used in the literature,
notably the Husimi distributions [243], that are positive definite.
Wigner type phase space distributions for nucleons were introduced in Refs. [244, 245]. The impact
parameter dependent parton distributions (IPDs) originally introduced by Burkardt had the skewness
ξ = 0, in which limit they have a probability interpretation. A generalisation to non-zero ξ was discussed
in [246]. Refs. [247, 248] discussed the Compton scatte ing amplitudes in longitudinal position space
by taking heir Fourier tr sfor with r spect to the skewness. The two dimensional position space
picture of the IPDs was extended to three dimensions, in the rest frame of the nucleon, in Ref. [244].
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The Wigner operator for quarks can be defined as
Wˆ Γ(r, k) =
∫
d4η eik·η ψ¯(r − η/2) Γψ(r + η/2) , (103)
where Γ is a Dirac matrix structure and k is the 4-momentum conjugate to the space-time separation η.
A gauge link, not shown, has to be included for the color gauge invariance of QCD. The corresponding
Wigner function for a non-relativistic system can be defined by taking an expectation value of the
above operator for a state with the center-of-mass at R = 0. As the proton is a relativistic object,
recoil effects cannot be neglected, and the rest frame state cannot be uniquely defined. The Wigner
distribution for the proton is defined in the Breit frame [244, 245]. The most general Wigner distribution
is a function of seven variables, three positions, and four momenta. Integrating out the light cone energy
k− of the quarks, one gets the six dimensional reduced Wigner distribution. A five dimensional Wigner
distribution was introduced in [249] in the infinite momentum frame or light-cone formalism by defining
the Wigner operator for quarks at fixed light-cone time z+ = 0:
Wˆ Γ(b⊥,k⊥, x) =
1
2
∫
dz− d2z⊥
(2pi)3
ei(xp
+z−−k⊥·z⊥) ψ¯(y − z/2) ΓW ψ(y + z/2) |z+=0 . (104)
Here yµ = {0, 0, b⊥}, x is the average light-cone longitudinal momentum fraction of the nucleon carried
by the quark, x = k+/p+, Γ = γ+, γ+γ5, iσ
j+γ5 with j = 1, 2 at twist two; different choices of Γ would
give different phase space distribution. W is the gauge link or Wilson line. It should be noted that
in the above expression k⊥ and b⊥ are not Fourier conjugate variables. k⊥ is the average transverse
momentum of the active quark. The transverse impact parameter b⊥ is the conjugate of the momentum
transfer ∆⊥ from the initial to the final state. Most studies of the Wigner functions in the literature
consider the Drell-Yan-West frame, where ∆+ = 0. Including a non-zero ∆+ would spoil the semi-
classical probabilistic interpretation of the Wigner functions.
The Wigner distribution is defined, for a nucleon state with polarisation S, as:
ρΓ(b⊥,k⊥, x,S) =
∫
d2∆⊥
(2pi)2
e−i∆⊥·b⊥W Γ(∆⊥,k⊥, x,S) , (105)
where,
W Γ(∆⊥,k⊥, x,S) = 〈p+,∆⊥/2,S | Wˆ Γ(0⊥,k⊥, x) | p+,−∆⊥/2,S〉 . (106)
As transverse boosts are Galilean in light-front framework, one can construct a nucleon state localised
in transverse coordinates, with its transverse center-of-momentum fixed. Thus, Eq. (105) is consistent
with special relativity. Different choices of Γ matrix give different Wigner distributions, that probe
various combinations of the quark and nucleon polarisation.
5.2 Wigner distributions and Generalized Transverse Momentum Dependent parton
distribution functions (GTMDs)
There is a direct relation between the Wigner distributions and the most general parton correlation
functions [250]. These are the completely unintegrated parton correlators of the nucleon, described in
Fig. 22 and defined as [235]:
HΓ(k, P,∆) = (2pi)−4
∫
d4z eikz 〈p(P + 1
2
∆)| q¯(−1
2
z) Γ q(
1
2
z) |p(P + 1
2
∆)〉 , (107)
where the Dirac matrix Γ selects the parton spin degrees of freedom; the proton spin labels and the
necessary gauge link, or Wilson operator, between the quark fields have been omitted.
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Figure 22: The most general off-forward quark-quark correlator; P , ∆ and k are unintegrated 4-
momenta. When ∆ = 0 one recovers the correlator, for inclusive processes, of Fig. 11.
Integrating HΓ over the light-cone energy of the quark, k−, see Fig. 21, one gets the Generalized
Transverse Momentum Dependent parton distributions (GTMDs). The Wigner distributions are Fourier
transforms of the GTMDs. The most general parametrization of the GTMD correlator for a nucleon
is given in Refs. [250, 251]. At leading twist, there are 16 GTMDs depending on the choice of Γ. The
GTMDs are in general complex quantities. They are constrained by Hermiticity and time reversal [251]
properties. The GTMDs can be written as
X(P, k,∆, η) = Xe(P, k,∆) + iXo(P, k,∆, η) , (108)
where η denotes the direction of the gauge link (plus or minus). Xe is even under time reversal and
Xo is odd. Due to the Hermiticity property of the GTMDs, the Wigner distributions, which are 2D
Fourier transforms of the GTMDs, are real, although they can also be separated into a T-even and
T-odd part. In the limit ∆⊥ = 0, the GTMDs reduce to the TMDs. It can be shown that due to the
Hermiticity contraint all GTMDs which are odd in ∆⊥ vanish in the TMD limit. Upon integration
over the parton momentum k⊥, they are related to the GPDs. In this case all effects of the T-odd part
of the GTMDs vanish and there is no dependence on η. Thus, the GTMDs and the Wigner functions
can be thought of as “mother distributions”, providing all information about the quark and gluon
distributions of the nucleon, and beyond. A complete list of the relations between the various GTMDs
and the corresponding TMDS and GPDs upto twist-four is given in [250]. Some nontrivial relations
between GPDs and TMDs can be understood in terms of GTMDs. Three model independent relations
exist at twist-two level between the GPDs and TMDs, these connect the GPD H(x, 0, 0) to the moment
of f1(x, k
2
T ), H˜(x, 0, 0) to the moment of g1L(x, k
2
T ) and HT (x, 0, 0) to a linear combination of moments
of h1T (x, k
2
T ) and h
⊥
1T (x, k
2
T ). These are model independent relations as the corresponding GPDs and
TMDs are related to the same GTMDs. On the other hand, in spectator type models relations have
been derived connecting the Sivers function to the GPD E and Boer-Mulders function to a combination
of GPDs ET and H˜T . These are called relations of the second kind and cannot be derived in a model
independent way as these GPDs and TMDs are not related to the same GTMDs [250]. There are also
relations of the third kind for example connecting the T-even pretzelosity distribution to the GPD H˜T .
This is also a model dependent relation as these are related to different GTMDs. At twist three and
twist four there are no non-trivial model independent relations between GPDs and TMDs.
Unlike quark GTMDs, gluon GTMDs and unintegrated gluon distributions are known in the liter-
ature since a long time: for example, they were discussed in the small x regime in [252] in the context
of diffractive vector meson production process and in [253] for Higgs production. Parametrizations of
gluon GTMDs are given in Ref. [251].
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5.3 Definitions
The Wigner distributions are not positive definite. Integrating out one or more variables they can
be related to better known objects: integrating over b⊥ effectively sets ∆⊥ to zero and one obtains
the standard TMD correlator; on the other hand, by integration over k⊥, the Wigner distributions
reduce to the impact parameter dependent PDFs (IPDs), which are the Fourier transforms of the GPD
correlations. TMDs and IPDs can be interpreted as densities in momentum and transverse position
space respectively. New distributions are obtained from ρΓ(b⊥,k⊥, x,S) by integrating over kx and by or
ky and bx; these are not related to any known TMDs or GPDs, and therefore carry further information
beyond what can be probed by the TMDs and GPDs. At leading twist one can define 16 independent
Wigner distributions corresponding to different quark and proton polarisations (U , L and T ) [249, 254].
In the list below the first subscript refers to the proton and the second to the quark; eˆj (j = 1, 2, 3 or
x, y, z) denote the unit vectors along the coordinate axes and the nucleon moves along eˆz.
5.3.1 Unpolarized target and different quark polarizations
The unpolarized Wigner distribution:
ρUU(b⊥,k⊥, x) =
1
2
[
ρ[γ
+](b⊥,k⊥, x, eˆz) + ρ[γ
+](b⊥,k⊥, x,−eˆz)
]
. (109)
The unpolarized-longitudinally polarized Wigner distribution:
ρUL(b⊥,k⊥, x) =
1
2
[
ρ[γ
+γ5](b⊥,k⊥, x, eˆz) + ρ[γ
+γ5](b⊥,k⊥, x,−eˆz)
]
. (110)
The unpolarized-transversely polarized Wigner distribution (j = 1, 2):
ρjUT (b⊥,k⊥, x) =
1
2
[
ρ[iσ
+jγ5](b⊥,k⊥, x, eˆz) + ρ[iσ
+jγ5](b⊥,k⊥, x,−eˆz)
]
. (111)
5.3.2 Longitudinally polarized target and different quark polarizations
The longitudinal-unpolarized Wigner distribution:
ρLU(b⊥,k⊥, x) =
1
2
[
ρ[γ
+](b⊥,k⊥, x, eˆz)− ρ[γ+](b⊥,k⊥, x,−eˆz)
]
. (112)
The longitudinal Wigner distribution:
ρLL(b⊥,k⊥, x) =
1
2
[
ρ[γ
+γ5](b⊥,k⊥, x, eˆz)− ρ[γ+γ5](b⊥,k⊥, x,−eˆz)
]
. (113)
The longitudinal-transversely polarized Wigner distribution (j = 1, 2):
ρjLT (b⊥,k⊥, x) =
1
2
[
ρ[iσ
+jγ5](b⊥,k⊥, x, eˆz)− ρ[iσ+jγ5](b⊥,k⊥, x,−eˆz)
]
. (114)
5.3.3 Transversely polarized target and different quark polarizations
The transverse-unpolarized Wigner distribution (j = 1, 2):
ρjTU(b⊥,k⊥, x) =
1
2
[
ρ[γ
+](b⊥,k⊥, x, eˆj)− ρ[γ+](b⊥,k⊥, x,−eˆj)
]
. (115)
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The transverse-longitudinally polarized Wigner distribution (j = 1, 2):
ρjTL(b⊥,k⊥, x) =
1
2
[
ρ[γ
+γ5](b⊥,k⊥, x, eˆj)− ρ[γ+γ5](b⊥,k⊥, x,−eˆj)
]
. (116)
The transversely polarised Wigner distribution (j, k = 1, 2):
ρjkTT (b⊥,k⊥, x) =
1
2
δjk
[
ρ[iσ
+kγ5](b⊥,k⊥, x, eˆj)− ρ[iσ+kγ5](b⊥,k⊥, x,−eˆj)
]
. (117)
The pretzelous Wigner distribution (j, k = 1, 2):
ρ⊥jkTT (b⊥,k⊥, x) =
1
2
jk
[
ρ[iσ
+kγ5](b⊥,k⊥, x, eˆj)− ρ[iσ+kγ5](b⊥,k⊥, x,−eˆj)
]
. (118)
5.3.4 Properties: connection to GPDs and TMDs and orbital angular momentum
The Wigner distributions could, in principle, offer a complete information on the nucleon structure and
a few comments might help in understanding their importance and their relations with TMDs.
• In the above definitions S = +eˆz (−eˆz) corresponds to helicity + (−) of the target state. ±eˆj
(j = 1, 2) correspond to transversity states and can be expressed in terms of helicity states. Notice
that in the pretzelous Wigner function the transverse polarisations of the quark and of the proton
are in orthogonal directions.
• By integration over x one gets the Wigner distributions in b⊥ and k⊥ space. ρUU(b⊥,k⊥) probes
unpolarized quarks in unpolarized nucleon. Any distortion in the b⊥ or k⊥ space is a measure of
the effect of the orbital motion of the quarks.
ρLU gives the distortion in the b⊥ and k⊥ space in the distribution of the unpolarised quarks due
to the longitudinal polarisation of the proton. In fact, this is related to the quark Orbital Angular
Momentum (OAM) [249, 255, 256]:
lqz =
∫
dx
∫
d2b⊥
∫
d2k⊥ (b⊥ × k⊥)z ρqLU(b⊥,k⊥, x) . (119)
At the density level, i.e. without integrating over x, the above expression gives the canonical OAM
of the quark, when the gauge link in the Wigner distribution [see Eqs. (105), (106) and (104)] is
staple-like, irrespective of its direction, future pointing or past pointing [257]. This reduces to the
Jaffe-Manohar OAM [258] in the light-cone gauge. On the other hand, for a straight line gauge
link, Eq. (119) gives the kinetic OAM, which is related to the GPD E through Ji’s relation [259].
The kinetic and canonical OAM are related through a potential term (see Refs. [257] and [260]
for a review). The kinetic OAM is related to the pretzelosity distribution in some models. The
relation of quark and gluon OAM to unintegrated correlators was first discussed in Ref. [261].
ρUL probes longitudinally polarised quarks in unpolarised proton, and this is related to the cor-
relation between quark spin and OAM,
Cqz =
∫
dx
∫
d2b⊥
∫
d2k⊥ (b⊥ × k⊥)z ρqUL(b⊥,k⊥, x) . (120)
• By integration over d2b⊥, as shown in Fig. 21, 8 of the 16 Wigner distributions, (109)–(118), reduce
to the leading twist distributions of Eq. (21), while the other 8 vanish. Similarly, by integration
over d2k⊥ one recovers the eight leading twist IPDs, which have not been discussed here.
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Figure 23: Wigner distributions for u and d quarks in b⊥ space, at fixed k⊥ = k⊥eˆy with k⊥ = 0.3 GeV,
in a constituent quark model, from Ref. [249]. The upper panels refer to unpolarised protons and the
lower ones to longitudinally polarised ones. Reprinted with permission from C. Lorce´ and B. Pasquini,
Phys. Rev., D84:014015, 2011. Copyright 2011 by the American Physical Society.
In particular, ρUU is related to the unpolarised quark TMD, f1(x, k⊥). ρLL gives the correlation
of the longitudinal spin of the quark in a longitudinally polarised proton and in the TMD limit it
is related to the helicity distribution g1L(x, k⊥). The TMD limit of ρTU and ρUT are respectively
connected to the T-odd Sivers function, f⊥1T , and Boer-Mulders function, h
⊥
1 .
ρLT gives the correlations between a transversely polarized quark in a longitudinally polarised
proton. In the TMD limit, ρLT it is related to the longitudinal-transversity worm-gear TMD
h⊥1L. Similarly, ρTL describes the correlation between the longitudinally polarized quark in a
transversely polarised proton and in the TMD limit is linked to the transverse-helicity worm-gear
TMD g⊥1T . ρTT and ρ
⊥
TT are related, in the TMD limit, to the transversity and pretzelosity TMDs,
h1T and h
⊥
1T .
Notice that by integration over d2k⊥ or d2b⊥ both ρLU and ρUL vanish: they do not have a TMD
or GPD limit. Thus, they carry completely new information about the nucleon structure, as
shown in Eqs. (119) and (120).
Multipole decomposition of the Wigner distributions were investigated in Ref. [262].
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5.4 Model Calculations
Model calculations of the Wigner distributions and the GTMDs are important as so far they have not
been extracted from experimental data. In Ref. [249] the quark Wigner distributions for unpolarised
as well as longitudinally polarised protons were investigated in a light-cone constituent quark model as
well as in a light-cone chiral quark soliton model, using the valence light-front wave function (LFWF).
The results for these two models are rather similar and some of them are shown as examples of 3D
imaging of the proton.
The two upper plots in Fig. 23 show the transverse phase space distribution ρUU(b⊥,k⊥) obtained
by integrating the Wigner distribution over x, for unpolarised u and d quarks inside an unpolarised
proton. The results are given in the bx and by plane, at fixed value of k⊥ = k⊥eˆy with k⊥ = 0.3 GeV.
It is seen that the distribution is spread in the direction b⊥ ⊥ k⊥ more than b⊥ ‖ k⊥. This is expected
in a model with confinement, where the radial momentum of a quark decreases at the periphery of the
b⊥ space and the polar momentum dominates due to the OAM.
The two lower plots in Fig. 23 show the same b⊥ distribution for a longitudinally (i.e. along eˆz)
polarised proton. In this case ρUL(b⊥,k⊥) shows the effect of the net OAM, which for u quarks tend
to align with the nucleon spin whereas for d quarks is anti-aligned. The Jaffe-Manohar OAM and Ji
OAM have also been computed in this Ref. [249]. Both definitions of the OAM give the same result for
the total quark (u+ d) OAM in the two models, although contributions from each flavour varies. This
is expected as there is no gluon in these models.
All the 16 leading twist quark Wigner distributions for a nucleon have been calculated in Ref. [254]
in a light cone spectator model, with the inclusion of both scalar and axial vector diquarks. Dipole and
quadrupole structures are seen for the Wigner distributions that are related to the correlations between
the spin and OAM of the quarks and the nucleon, as well as the transverse momentum. Results in
this model show some difference compared to the models in [249] in impact parameter space. Both for
u and d quarks, the spin-orbit correlation Cqz is negative in this model which is opposite to what is
observed in light cone constituent quark model [249]. This is a model dependent result. The 16 leading
twist Wigner distributions were investigated in a diquark model in [263] including both scalar and axial
vector diquarks, the analytic form of the light-front wave function (LFWF) was obtained using soft
wall ADS/QCD prediction. Unlike the other models, there is no favored configuration between b⊥ and
k⊥ here. In this model Cqz is negative, meaning the quark OAM is anti-aligned to quark spin which
agrees with the observation in scalar diquark model [254, 264]. ρUT and ρTU show a dipolar behaviour
which is similar to that of Ref. [254]. The above phenomenological models do not have gluonic degrees
of freedom and the calculations describe the T-even part of the Wigner distributions.
The quark OAM through GTMDs was calculated in Ref. [265] in the MIT bag model. In Ref. [266]
gluon Wigner, Husimi distributions and GTMDs were investigated in color glass condensate in the small
x regime taking into account the gluon saturation effects. The Husimi distribution is obtained from the
Wigner distribution by using a Gaussian smearing in b⊥ and k⊥. As a result the Husimi distributions
do not reduce to GPDs or TMDs after integration over k⊥ or b⊥. However, the Husimi distributions
are positive and unlike Wigner distributions can be interpreted as probability distributions in phase
space.
The above phenomenological models for the nucleon do not include gluonic degrees of freedom. In
Refs. [267, 268, 269, 270] the quark and gluon Wigner distributions and GTMDs were calculated for a
spin-1/2 system of a quark dressed with a gluon, which may be thought of as a relativistic composite
system of a quark and a gluon. The quark and gluon OAM and spin-orbit correlations were also
calculated in this model. A similar model was also used in Ref. [271] for the GTMDs F14 and G11
and the results agree. The results for the quark and the gluon OAM and spin-orbit correlations were
found to depend on the quark mass parameter, and the helicity sum rule is found to be satisfied. The
Jaffe-Manohar OAM is different from Ji’s OAM in this model. In Refs. [267, 268, 269, 270] the gauge
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link was taken to be unity and as a result only the T-even part of the GTMDs were calculated. The
T-odd part of the Wigner functions and the GTMDs were calculated in Ref. [272] by incorporating the
final state interactions at the level of one gluon exchange in the LFWF. In a recent work [273] an ab
initio world line approach was used to construct the phase space distributions of systems with internal
symmetries.
5.5 Experiments to access the Wigner Distributions and GTMDs
Although several model calculations exist for both quark and gluon GTMDs and Wigner distributions,
accessing them in experiments is still a challenge. Quite a few theoretical studies are available in the
literature on how to probe the GTMDs in specific processes. In Ref. [274] it was shown that the quark
GTMDs in the ERBL region (−ξ < x < ξ) can be accessed in exclusive double Drell-Yan process in
pion-nucleon scattering where one detects the two di-lepton pairs and the nucleon. As this process
involve a staple-like Wilson line, the GTMDs here can probe the canonical or Jaffe-Manohar OAM.
In Ref. [275] it was shown that the gluon GTMDs can be accessed in exclusive production of double
pseudo-scalar quarkonium in nucleon-nucleon collision. Gluon Wigner distributions at small x can be
accessed through the corresponding GTMDs in hard diffractive di-jet production at the future EIC [276].
This process probes the dipole gluon GTMDs. The longitudinal SSA in this process is a direct probe of
the gluon OAM and helicity at small x [277] as well as moderate x [278]. Ref. [279] suggested to probe
the gluon Wigner distributions in ultra-peripheral pA collisions.
6 Conclusions
We have discussed our present knowledge of the 3-dimensional nucleon structure, mainly in momentum
space; that is, within the QCD parton model, we have summarised the attempts, both experimental
and theoretical, to understand the intrinsic motion of quarks and gluons inside the proton.
First, we have presented plenty of experimental evidence, which requires the extension of the simple
1-dimensional picture of a fast moving proton as a set of almost free partons co-linearly moving, to a
3-dimensional picture including the transverse motion of partons. Such evidence is particularly striking
when looking at experiments with transversely polarised protons; many transverse spin effects, for long
time wrongly considered irrelevant or unnecessary, can only be understood in terms of the intrinsic 3D
motion of quarks.
Then, we have described the phenomenological approach which allows to gather 3D information on
the nucleon structure. The TMD-PDFs give the number densities of partons inside a proton, taking into
account their longitudinal and transverse momenta, together with the spin degrees of freedom. They
often couple with TMD-FFs, giving the number densities of hadrons resulting in the fragmentation of
a quark or gluon: also in this case, the transverse momentum of the hadron with respect to the parton
direction and the transverse spin degrees of freedom have to be taken into account. The TMD-PDFs and
TMD-FFs appear in the theoretical expressions of several physical observables, which can be measured;
thus, their extraction from data is possible.
Some of the TMD-PDFs and FFs have been found to play crucial roles in SIDIS and Drell-Yan
processes, as well as in e+e− annihilations. In particular the effects resulting from the intrinsic motion of
unpolarised quarks inside both unpolarised and transversely polarised protons have been well established
and explored. Similarly for the fragmentation of a transversely polarised quark into spinless hadrons. A
first attempt at a 3D imaging of the proton in momentum space is possible, as shown in Fig. 19. Notice
that a 3D imaging in coordinate space is possible through the study of particular exclusive processes,
which are not discussed in this paper.
Finally, a full 3D imaging of the nucleon would be possible only through a knowledge of the Wigner
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distribution, the quantum analog of the classical phase-space distribution. This is a much more de-
manding task, although it should be the ultimate goal of a complete study of the nucleon structure. So
far, models for the light-cone wave function of the proton have been used to construct model Wigner
functions.
The introduction of the new concepts of TMD-PDFs and TMD-FFs has allowed a much better
description of many, otherwise mysterious, transverse spin data; our way of exploring the nucleon
structure has deeply changed, with a lot of encouraging and crucial results. Much more work remains
to be done. The validity of the TMD factorisation scheme, crucial for the phenomenological extraction
of the TMDs from data, seems to be limited to few processes and particular kinematical ranges. The
huge amount of data on the hyperon polarisation in unpolarised inclusive pN interactions still lack a
fundamental precise explanation, capable of reliable predictions. The origin of some TMDs, like the
Sivers distribution, from basic QCD interactions, which leads to the prediction of the sign change of
the Sivers function in SIDIS and D-Y processes, still has to be definitely tested.
New precise data from the “safe” processes – SIDIS, D-Y and e+e− → h1 h2X – will allow a much
better determination of the TMDs and their parameterisation; in parallel, the theoretical study of
the TMD evolution will improve and allow more precise predictions. New data are expected from
the ongoing JLab experiments at 12 GeV and the next COMPASS run with a transversely polarised
deuteron target, from RHIC and the e+e− facilities. All these efforts should be combined with models
of the proton wave function and the Wigner distribution, from which TMDs and other observables can
be computed and compared with data. In particular, the orbital angular momentum of quarks and
gluons, which is a fundamental piece of information, is still unknown; its knowledge should finally allow
the complete understanding of the proton spin.
Great expectations, among the international hadron and nuclear physics community, are linked to
the planned Electron Ion Collider, a facility with good hopes of being built in the USA. Its scientific
program [8] has a large part and strong motivations devoted to the study of the 3D nucleon struc-
ture, both in momentum and position space. Much larger kinematical ranges of x and Q2 could be
explored, with high luminosity, providing a great amount of new data, and leading to a much improved
understanding and imaging of the nucleon structure.
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